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Foreword

This book by Felipe Cucker and Ding-Xuan Zhou provides solid mathematical
foundations and new insights into the subject called learning theory.

Some years ago, Felipe and I were trying to find something about brain
science and artificial intelligence starting from literature on neural nets. It was
in this setting that we encountered the beautiful ideas and fast algorithms of
learning theory. Eventually we were motivated to write on the mathematical
foundations of this new area of science.

I have found this arena to with its new challenges and growing number of
application, be exciting. For example, the unification of dynamical systems and
learning theory is a major problem. Another problem is to develop a comparative
study of the useful algorithms currently available and to give unity to these
algorithms. How can one talk about the “best algorithm” or find the most
appropriate algorithm for a particular task when there are so many desirable
features, with their associated trade-offs? How can one see the working of
aspects of the human brain and machine vision in the same framework?

I know both authors well. I visited Felipe in Barcelona more than 13 years
ago for several months, and when I took a position in Hong Kong in 1995, I
asked him to join me. There Lenore Blum, Mike Shub, Felipe, and I finished
a book on real computation and complexity. I returned to the USA in 2001,
but Felipe continues his job at the City University of Hong Kong. Despite the
distance we have continued to write papers together. I came to know Ding-Xuan
as a colleague in the math department at City University. We have written a
number of papers together on various aspects of learning theory. It gives me
great pleasure to continue to work with both mathematicians. I am proud of our
joint accomplishments.

I leave to the authors the task of describing the contents of their book. I will
give some personal perspective on and motivation for what they are doing.

iX



X Foreword

Computational science demands an understanding of fast, robust algorithms.
The same applies to modern theories of artificial and human intelligence. Part of
this understanding is a complexity-theoretic analysis. Here I am not speaking of
a literal count of arithmetic operations (although that is a by-product), but rather
to the question: What sample size yields a given accuracy? Better yet, describe
the error of a computed hypothesis as a function of the number of examples,
the desired confidence, the complexity of the task to be learned, and variants
of the algorithm. If the answer is given in terms of a mathematical theorem, the
practitioner may not find the result useful. On the other hand, it is important
for workers in the field or leaders in laboratories to have some background
in theory, just as economists depend on knowledge of economic equilibrium
theory. Most important, however, is the role of mathematical foundations and
analysis of algorithms as a precursor to research into new algorithms, and into
old algorithms in new and different settings.

I have great confidence that many learning-theory scientists will profit from
this book. Moreover, scientists with some mathematical background will find
in this account a fine introduction to the subject of learning theory.

Stephen Smale
Chicago



Preface

Broadly speaking, the goal of (mainstream) learning theory is to approximate
a function (or some function features) from data samples, perhaps perturbed
by noise. To attain this goal, learning theory draws on a variety of diverse
subjects. It relies on statistics whose purpose is precisely to infer information
from random samples. It also relies on approximation theory, since our estimate
of the function must belong to a prespecified class, and therefore the ability
of this class to approximate the function accurately is of the essence. And
algorithmic considerations are critical because our estimate of the function is
the outcome of algorithmic procedures, and the efficiency of these procedures
is crucial in practice. Ideas from all these areas have blended together to form
a subject whose many successful applications have triggered its rapid growth
during the past two decades.

This book aims to give a general overview of the theoretical foundations of
learning theory. It is not the first to do so. Yet we wish to emphasize a viewpoint
that has drawn little attention in other expositions, namely, that of approximation
theory. This emphasis fulfills two purposes. First, we believe it provides a
balanced view of the subject. Second, we expect to attract mathematicians
working on related fields who find the problems raised in learning theory close
to their interests.

While writing this book, we faced a dilemma common to the writing of any
book in mathematics: to strike a balance between clarity and conciseness. In
particular, we faced the problem of finding a suitable degree of self-containment
for a book relying on a variety of subjects. Our solution to this problem consists
of a number of sections, all called “Reminders,” where several basic notions
and results are briefly reviewed using a unified notation.

We are indebted to several friends and colleagues who have helped us in
many ways. Steve Smale deserves a special mention. We first became interested
in learning theory as a result of his interest in the subject, and much of the

X1



xii Preface

material in this book comes from or evolved from joint papers we wrote with
him. Qiang Wu, Yiming Ying, Fangyan Lu, Hongwei Sun, Di-Rong Chen,
Song Li, Luoqging Li, Bingzheng Li, Lizhong Peng, and Tiangang Lei regularly
attended our weekly seminars on learning theory at City University of Hong
Kong, where we exposed early drafts of the contents of this book. They, and
José Luis Balcdzar, read preliminary versions and were very generous in their
feedback. We are indebted also to David Tranah and the staff of Cambridge
University Press for their patience and willingness to help. We have also been
supported by the University Grants Council of Hong Kong through the grants
CityU 1087/02P, 103303, and 103704.



1

The framework of learning

1.1 Introduction

We begin by describing some cases of learning, simplified to the extreme, to
convey an intuition of what learning is.

Case 1.1 Among the most used instances of learning (although not necessarily
with this name) is linear regression. This amounts to finding a straight line that
best approximates a functional relationship presumed to be implicit in a set of
data points in R2, {(x1,y1), (02, ¥2)s -« + s (o Ym)} (Figure 1.1). The yardstick
used to measure how good an approximation a given line ¥ = aX + b is, is
called least squares. The best line is the one that minimizes

Q(a,b) =Y (yi — ax; — b)*.
i=1

Figure 1.1
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Case 1.2 Case 1.1 readily extends to a classical situation in science, namely,
that of learning a physical law by curve fitting to data. Assume that the law at
hand, an unknown function f : R — R, has a specific form and that the space
of all functions with this form can be parameterized by N real numbers. For
instance, if f is assumed to be a polynomial of degree d, then N = d + 1 and the
parameters are the unknown coefficients wy, ..., wy of f. In this case, finding
the best fit by the least squares method estimates the unknown f from a set
of pairs {(x1,¥1),..., (Xm, ym)}. If the measurements generating this set were
exact, then y; would be equal to f(x;). However, in general one expects the
values y; to be affected by noise. That is, y; = f (x;) + &, where ¢ is a random
variable (which may depend on x;) with mean zero. One then computes the
vector of coefficients w such that the value

e d
Z(fw(xi) —yi)?,  with f,,(x) = ijxj
Jj=0

i=1

is minimized, where, typically, m > N.In general, the minimum value above is
not 0. To solve this minimization problem, one uses the least squares technique,
a method going back to Gauss and Legendre that is computationally efficient
and relies on numerical linear algebra.

Since the values y; are affected by noise, one might take as starting point,
instead of the unknown f, a family of probability measures &, on R varying
with x € R. The only requirement on these measures is that for all x € R, the
mean of &, is f(x). Then y; is randomly drawn from &,,. In some contexts the
X, rather than being chosen, are also generated by a probability measure py
on R. Thus, the starting point could even be a single measure p on R x R —
capturing both the measure px and the measures ¢, for x € R —from which the
pairs (x;,y;) are randomly drawn.

A more general form of the functions in our approximating class could be
given by

N
Fo@) =) wigi(x),
i=1

where the ¢; are the elements of a basis of a specific function space, not
necessarily of polynomials.

Case 1.3 The training of neural networks is an extension of Case 1.2. Roughly
speaking, a neural network is a directed graph containing some input nodes,
some output nodes, and some intermediate nodes where certain functions are
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computed. If X denotes the input space (whose elements are fed to the input
nodes) and Y the output space (of possible elements returned by the output
nodes), a neural network computes a function from X to Y. The literature on
neural networks shows a variety of choices for X and Y, which can be continuous
or discrete, as well as for the functions computed at the intermediate nodes. A
common feature of all neural nets, though, is the dependence of these functions
on a set of parameters, usually called weights, w = {wj};es. This set determines
the function f;, : X — Y computed by the network.

Neural networks are trained to learn functions. As in Case 1.2, there is a
target function f : X — Y, and the network is given a set of randomly chosen
pairs (x1,y1), ..., (Xm, ym) in X x Y. Then, training algorithms select a set of
weights w attempting to minimize some distance from f,, to the target function
f:X—-Y.

Case 1.4 A standard example of pattern recognition involves handwritten
characters. Consider the problem of classifying handwritten letters of the
English alphabet. Here, elements in our space X could be matrices with entries
in the interval [0, 1] — each entry representing a pixel in a certain gray scale of a
digitized photograph of the handwritten letter or some features extracted from
the letter. We may take Y to be

26 26
Y = {y€R26 |y:Zkiei such that Z}\,l: l}

i=1 i=1

Here ¢; is the ith coordinate vector in R?%, each coordinate corresponding to
a letter. If A C Y is the set of points y as above such that 0 < A; < 1, for
i=1,...,26, one can interpret a point in A as a probability measure on the set
{a,B,C,...,X,Y, z}. The problem is to learn the ideal function f : X — Y that
associates, to a given handwritten letter x, a linear combination of the ¢; with
coefficients {Prob{x = A},Prob{x = B},...,Prob{x = Z}}. Unambiguous
letters are mapped into a coordinate vector, and in the (pure) classification
problem f takes values on these e;. “Learning f” means finding a sufficiently
good approximation of f within a given prescribed class.

The approximation of f is constructed from a set of samples of handwritten
letters, each of them with a label in Y. The set {(x1,y1), ..., (Xm,ym)} of these
m samples is randomly drawn from X x Y according to a measure p on X x Y.
This measure satisfies p(X x A) = 1. In addition, in practice, it is concentrated
around the set of pairs (x,y) with y = ¢; for some 1 < i < 26. That is, the
occurring elements x € X are handwritten letters and not, say, a digitized image
of the Mona Lisa. The function f to be learned is the regression function f,, of p.
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That is, f, (x) is the average of the y values of {x} x Y (we are more precise
about p and the regression function in Section 1.2).

Case 1.5 A standard approach for approximating characteristic (or indicator)
functions of sets is known as PAC learning (from “probably approximately
correct”). Let T (the farget concept) be a subset of R” and px be a probability
measure on R” that we assume is not known in advance. Intuitively, a set
S C R" approximates 7" when the symmetric difference SAT = (S\ T) U
(T \ §) is small, that is, has a small measure. Note that if fs and fr denote the
characteristic functions of S and T, respectively, this measure, called the error
of S, is fR" |fs — fr|dpx. Note that since the functions take values in {0, 1},
only this integral coincides with f]R" (fs — fT)2 dpx.

Let C be a class of subsets of R” and assume that 7 € C. One strategy for
constructing an approximation of 7 in C is the following. First, draw points
X1,..., X%y € R" according to px and label each of them with 1 or O according
to whether they belong to T. Second, compute any function fs : R" — {0, 1},
fs € C, that coincides with this labeling over {xi, ..., x,}. Such a function will
provide a good approximation S of T (small error with respect to px) as long
as m is large enough and C is not too wild. Thus the measure pyx is used in both
capacities, governing the sample drawing and measuring the error set SAT.

A major goal in PAC learning is to estimate how large m needs to be to obtain
an ¢ approximation of 7" with probability at least 1 — § as a function of ¢ and §.

The situation described above is noise free since each randomly drawn point
x; € R" is correctly labeled. Extensions of PAC learning allowing for labeling
mistakes with small probability exist.

Case 1.6 (Monte Carlo integration) An early instance of randomization in
algorithmics appeared in numerical integration. Let f : [0, 1]* — R. One way
of approximating the integral fx 017" f(x) dx consists of randomly drawing
points xq, ..., X, € [0, 1]" and computing

1 m
In(f) = — 3 fx).
i=1

Under mild conditions on the regularity of f, I,,(f) — [ f with probability 1;
that is, for all ¢ > 0,

lim Prob {

M—>00 X1 ,...rXim

Im(f)_/ fx)dx >8}—>0.
x€[0,1]"

Again we find the theme of learning an object (here a single real number,
although defined in a nontrivial way through f) from a sample. In this case
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the measure governing the sample is known (the measure in [0, 1]" inherited
from the standard Lebesgue measure on R"), but the same idea can be used
for an unknown measure. If py is a probability measure on X C R”, a
domain or manifold, ,,(f) will approximate fxex f(x)dpx for large m with
high probability as long as the points x, . . ., x,;, are drawn from X according to
the measure py . Note that no noise is involved here. An extension of this idea
to include noise is, however, possible.

A common characteristic of Cases 1.2-1.5 is the existence of both an
“unknown” function f : X — Y and a probability measure allowing one
to randomly draw points in X x Y. That measure can be on X (Case 1.5), on Y
varying with x € X (Cases 1.2 and 1.3), or on the product X x Y (Case 1.4). The
only requirement it satisfies is that, if for x € X a pointy € Y can be randomly
drawn, then the expected value of y is f (x). That is, the noise is centered at zero.
Case 1.6 does not follow this pattern. However, we have included it since it is
a well-known algorithm and shares the flavor of learning an unknown object
from random data.

The development in this book, for reasons of unity and generality, is based on
a single measure on X x Y. However, one should keep in mind the distinction
between “inputs” x € X and “outputs” y € Y.

1.2 A formal setting

Since we want to study learning from random sampling, the primary object in
our development is a probability measure p governing the sampling that is not
known in advance.

Let X be a compact metric space (e.g., a domain or a manifold in Euclidean
space) and ¥ = R*. For convenience we will take k = 1 for the time being. Let
p be a Borel probability measure on Z = X x Y whose regularity properties
will be assumed as required. In the following we try to utilize concepts formed
naturally and solely from X, Y, and p.

Throughout this book, if £ is a random variable (i.e., a real-valued function
on a probability space Z), we will use E(§) to denote the expected value (or
average, or mean) of & and 02(5) to denote its variance. Thus

E() = f Zs<z>dp and o2(§) = E((¢ — E(§))?) = E(£%) — (E(§))%

A central concept in the next few chapters is the generalization error (or
least squares error or, if there is no risk of ambiguity, simply error) of f, for
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f:X — Y, defined by
Hﬂ=&ﬁd=£vm—w%w.

For each input x € X and outputy € Y, (f (x) —y)? is the error incurred through
the use of f as a model for the process producing y from x. This is a local error.
By integrating over X x Y (w.r.t. p, of course) we average out this local error
over all pairs (x,y). Hence the word “error” for £(f).

The problem posed is: What is the f that minimizes the error E(f) ? To answer
this question we note that the error £(f) naturally decomposes as a sum. For
every x € X, let p(y|x) be the conditional (w.r.t. x) probability measure on Y.
Let also px be the marginal probability measure of p on X, that is, the measure
on X defined by px (S) = p(~1(S)), where 7 : X x Y — X is the projection.
For every integrable function ¢ : X x ¥ — R a version of Fubini’s theorem
relates p, p(y|x), and px as follows:

/ w(x,y)dp=/ </ so(x,y)dp(ylx)>dpx-
XxY X Y

This “breaking” of p into the measures p(y|x) and px corresponds to looking
at Z as a product of an input domain X and an output set Y. In what follows,
unless otherwise specified, integrals are to be understood as being over p, p (y|x)
or px.

Define f,, : X — Y by

fp) = /Iyydp(ylx).

The function f,, is called the regression function of p. For each x € X, f,,(x) is
the average of the y coordinate of {x} x ¥ (in topological terms, the average of y
on the fiber of x). Regularity hypotheses on p will induce regularity properties
on f).

We will assume throughout this book that f,, is bounded .

Fix x € X and consider the function from Y to R mapping y into (y — f, (x)).
Since the expected value of this function is 0, its variance is

o%o=£@—mmfw@m.

Now average over X, to obtain

o) = /X o2(x) dpx = E(f,).
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The number 05

notion of condition number in numerical linear algebra.

is a measure of how well conditioned p is, analogous to the

Remark 1.7

(i) Itis important to note that whereas p and f,, are generally “unknown,” px
is known in some situations and can even be the Lebesgue measure on X
inherited from Euclidean space (as in Cases 1.2 and 1.6).

(i1) In the remainder of this book, if formulas do not make sense or oo appears,
then the assertions where these formulas occur should be considered
vacuous.

Proposition 1.8 Foreveryf:X — Y,
&ﬂ=AG®—ﬁ®f@w+ﬁ.

Proof From the definition of f,, (x) foreachx € X, f y (fp(x)—y) = 0. Therefore,
56%=LU@%#M@+&@%WV

=/Gm—nmfy//%m—w2
X X JY

+4/fvm<mmmm—w

XJY
=Avm—mm%wﬁmﬁvmﬁmmﬁwm—w
=Avm—nmf+ﬁ.

.l

The first term on the right-hand side of Proposition 1.8 provides an average
(over X) of the error suffered from the use of f as a model for f,,. In addition,
since apz is independent of £, Proposition 1.8 implies that f, has the smallest
possible error among all functions f : X — Y. Thus 03 represents a lower
bound on the error £ and it is due solely to our primary object, the measure p.

Thus, Proposition 1.8 supports the following statement:

The goal is to “learn” (i.e., to find a good approximation of) fp from random
samples on Z.

I Throughout this book, the square B denotes the end of a proof or the fact that no proof is given.



8 1 The framework of learning

We now consider sampling. Let

zeZm, Zz((xl,)’l),uo»(xm»)’m))

be a sample in Z™, that is, m examples independently drawn according to p.
Here Z™ denotes the m-fold Cartesian product of Z. We define the empirical
error of f (w.r.t. ) to be

1 m
Ef) = — 3 (F0) = i)’
i=1

If & is a random variable on Z, we denote the empirical mean of & (w.r.t. z) by
E,(&). Thus,

1 m
E,(6) =~ £@).
i=1

For any function f : X — Y we denote by fy the function

fr:XxY—>Y

(6, y) = f(x) = .

With these notations we may write £(f) = E(fY2 )and &,(f) = E, (fY2). We have
already remarked that the expected value of (f,)y is 0; we now remark that its

variance is 03.

Remark 1.9 Consider the PAC learning setting discussed in Case 1.5 where

X = R" and T is a subset of R”.2 The measure px described there can be
extended to a measure p on Z by defining, forA C Z,

p(A) = px ({x € X | (x.fr(x)) € A}),

where, we recall, fr is the characteristic function of the set 7. The marginal

pz = 0, the error £ specializes

to the error mentioned in Case 1.5, and the regression function f,, of p coincides

measure of p on X is our original py . In addition, o
with fr except for a set of measure zero in X .

2 Note, in this case, that X is not compact. In fact, most of the results in this book do not require
compactness of X but only completeness and separability.
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1.3 Hypothesis spaces and target functions

Learning processes do not take place in a vacuum. Some structure needs to
be present at the beginning of the process. In our formal development, we
assume that this structure takes the form of a class of functions (e.g., a space
of polynomials, of splines, etc.). The goal of the learning process is thus to find
the best approximation of f,, within this class.

Let % (X) be the Banach space of continuous functions on X with the norm

Iflloo = sup [f (x)].

xeX

We consider a subset H of € (X) — in what follows called hypothesis space —
where algorithms will work to find, as well as is possible, the best approximation
for f,. A main choice in this book is a compact, infinite-dimensional subset of
% (X), but we will also consider closed balls in finite-dimensional subspaces
of ¢ (X) and whole linear spaces.

If f, € 'H, simplifications will occur, but in general we will not even assume
that f, € €(X) and we will have to consider a farget function fy in H. Define
fr to be any function minimizing the error £(f) over f € H, namely, any
optimizer of

: 2
min x) —y)-dp.
min /Z (fx)—y)“dp
Notice that since £(f) = [y (f —f,)? 4 o2 fy is also an optimizer of

. 2
min —fy) dpx.
fen /}; f —fp 1Y

Let z € Z™ be a sample. We define the empirical target function fy , = fa
to be a function minimizing the empirical error & (f) over f € H, that is, an
optimizer of

1 m

: N v)2
fng;;;(f(x,) i) (1.1)

Notethatalthoughf; isnotproducedby analgorithm,itisclosetoalgorithmic. The

statement of the minimization problem (1.1) depends on p only through its

dependenceonz,butoncezisgiven,sois(l.1),anditssolutionf, canbelooked for

without further involvement of p. In contrast to f3, f; is “empirical” from its

dependence onthe sample z. Note finally that £(f;) and £, (f ) are different objects.
We next prove that f3; and f; exist under a mild condition on H.
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Definition 1.10 Letf :X — Y and z € Z™. The defect of f (w.r.t. Z) is

Lz(f) = Lp,z(f) = 5(f) - gz(f)-

Notice that the theoretical error £(f) cannot be measured directly, whereas
&;(f) can. A bound on L,(f) becomes useful since it allows one to bound
the actual error from an observed quantity. Such bounds are the object of
Theorems 3.8 and 3.10.

Let f1,f» € € (X). Toward the proof of the existence of f); and f;, we first
estimate the quantity

|Lz(fl) - Lz(f2)|

linearly by ||fi — f2|lec for almost all z € Z™ (a Lipschitz estimate). We recall
that a set U C Z is said to be full measure when Z \ U has measure zero.

Proposition 1.11 If, forj = 1,2, |fj(x) — y| < M on a full measure set U C Z
then, forallz € U™,

ILz(f1) — Lz (f2)| = 4M |Ifi — f2lloo-

Proof. First note that since

A =) = (@) — 0 = (LK) +HE) — 29 @) — LK),

we have
E() — E()| = ‘ /Z (1) + ) — 20) (1 () — () dp

S/Zl(fl(x)—y)—i-(fz(x)—y)lllfl ~flloodp
<2M |Ifi — lloo-

Also, for all z € U™, we have

1
1€(f1) — &) = —
m

D (G + ) — 2y (A (x0) —fz(xi))‘

i=1
1
<— Z (i) = ) + () — 3Dl i = falloo

<2M|fi — f2llco-
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Thus

IL:(f1) — L:()| = 1EF) — &) — EF) + E(R)| < 4M |fi — f2llco-

Remark 1.12 Notice that for bounding |E,(f;) — &.(f2)| in this proof — in
contrast to the bound for |E(f1) — £(f2)| — the use of the || || norm is crucial.
Nothing less will do.

Corollary 1.13 Let H € € (X) and p be such that, forallf € H, |f (x) —y| <
M almost everywhere. Then £,&, : H — R are continuous.

Proof. The prooffollows from the bounds | (f1) —E(f2)| < 2M ||fi —f2|lco and
1&2(f1) — E.(R)| < 2M |Ifi — f2]lco shown in the proof of Proposition 1.11. B

Corollary 1.14 Let H C € (X) be compact and such that for all f € H,
If x) — y| < M almost everywhere. Then fy; and f; exist.

Proof. The proof follows from the compactness of H and the continuity of
E,E:FX)— R. |

Remark 1.15

(i) The functions f3; and f; are not necessarily unique. However, we see a
uniqueness result for f; in Section 3.4 when H is convex.

(i) Note that the requirement of H to be compact is what allows Corollary 1.14
to be proved and therefore guarantees the existence of fy and f;.
Other consequences (e.g., the finiteness of covering numbers) follow in
subsequent chapters.

1.4 Sample, approximation, and generalization errors

For a given hypothesis space H, the error in H of a function f € H is the
normalized error

En() =EF) — Efr).

Note that Ex(f) > 0 for all f € H and that Ex(fry) = 0. Also note that £(fx)
and & (f) are different objects.
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Continuing the discussion after Proposition 1.8, it follows from our
definitions and proposition that

/X (fe — 1) dpx + 0, = E(f) = En(fa) + EFr). (1.2)

The quantities in (1.2) are the main characters in this book. We have already
noted that 03 is a lower bound on the error £ that is solely due to the measure p.
The generalization error £(f;) of f; depends on p, H, the sample z, and the
scheme (1.1) defining f;. The squared distance fX (fz — fp)2 dpx 1is the excess
generalization error of f;. A goal of this book is to show that under some
hypotheses on p and H, this excess generalization error becomes arbitrarily
small with high probability as the sample size m tends to infinity.

Now consider the sum Ex(fz) + £(fr). The second term in this sum
depends on the choice of H but is independent of sampling. We will call it
the approximation error. Note that this approximation error is the sum

A(H) + 02,

where A(H) = [y (fn — fp)2 dpy . Therefore, ap2 is a lower bound for the
approximation error.

The first term, 3 (f2), is called the sample error or estimation error.

Equation (1.2) thus reduces our goal above — to estimate f v (fz — fp)2 or,
equivalently, £(f;) — into two different problems corresponding to finding
estimates for the sample and approximation errors. The way these problems
depend on the measure p calls for different methods and assumptions in their
analysis.

The second problem (to estimate A(7)) is independent of the sample z.
But it depends heavily on the regression function f,,. The worse behaved f, is
(e.g., the more it oscillates), the more difficult it will be to approximate f,, well
with functions in H. Consequently, all bounds for A(H) will depend on some
parameter measuring the behavior of f,.

The first problem (to estimate the sample error £7¢(fz)) is posed on the space
‘H, and its dependence on p is through the sample z. In contrast with the
approximation error, it is essentially independent of f,,. Consequently, bounds
for £14(fz) will not depend on properties of f,,. However, due to their dependence
on the random sample z, they will hold with only a certain confidence. That is,
the bound will depend on a parameter § and will hold with a confidence of at
least 1 — 4.

This discussion extends to some algorithmic issues. Although dependence
on the behavior of f,, seems unavoidable in the estimates of the approximation
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error (and hence on the generalization error £(f;) of f;), such a dependence
is undesirable in the design of the algorithmic procedures leading to f; (e.g.,
the selection of ). Ultimately, the goal is to be able, given a sample z, to
select a hypothesis space H and compute the resulting f; without assumptions
on f, and then to exhibit bounds on [y (f, — f,)*dpx that are, with high
probability, reasonably good in the measure that f,, is well behaved. Yet, in
many situations, the choice of some parameter related to the selection of H is
performed with methods that, although satisfactory in practice, lack a proper
theoretical justification. For these methods, our best theoretical results rely on
information about f,.

1.5 The bias—variance problem

For fixed H the sample error decreases when the number m of examples
increases (as we see in Theorem 3.14). Fix m instead. Then, typically, the
approximation error will decrease when enlarging 7, but the sample error will
increase. The bias—variance problem consists of choosing the size of H when
m is fixed so that the error £(f;) is minimized with high probability. Roughly
speaking, the “bias” of a solution f coincides with the approximation error, and
its “variance” with the sample error. This is common terminology:

A model which is too simple, or too inflexible, will have a large bias, while one
which has too much flexibility in relation to the particular data set will have a
large variance. Bias and variance are complementary quantities, and the best
generalization [i.e. the smallest error] is obtained when we have the best
compromise between the conflicting requirements of small bias and small
variance.”

Thus, a too small space H will yield a large bias, whereas one that is too large
will yield a large variance. Several parameters (radius of balls, dimension, etc.)
determine the “size” of ‘H, and different instances of the bias—variance problem
are obtained by fixing all of them except one and minimizing the error over this
nonfixed parameter.

Failing to find a good compromise between bias and variance leads to what
is called underfitting (large bias) or overfitting (large variance). As an example,
consider Case 1.2 and the curve % in Figure 1.2(a) with the set of sample
points and assume we want to approximate that curve with a polynomial of
degree d (the parameter d determines in our case the dimension of ). If d is
too small, say d =2, we obtain a curve as in Figure 1.2(b) which necessarily
“underfits” the data points. If d is too large, we can tightly fit the data points

3 [18] p. 332.
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() (b) (©

Figure 1.2

but this “overfitting” yields a curve as in Figure 1.2(c). In terms of the error
decomposition (1.2) this overfitting corresponds to a small approximation error
but large sample error.

As another example of overfitting, consider the PAC learning situation in
Case 1.5 with 4 consisting of all subsets of R”. Consider also a sample
{1, D)y, (ks 1)y (56415, 0), - . ., (x4, 0)}. The characteristic function of the
set S = {x1,...,x;} has zero sample error, but its approximation error is the
measure (w.r.t. px ) of the set T A{xy, ..., xx}, which equals the measure of T" as
long as py has no points with positive probability mass.

1.6 The remainder of this book

In Chapter 2 we describe some common choices for the hypothesis space H. One
of them, derived from the use of reproducing kernel Hilbert spaces (RKHSs),
will be systematically used in the remainder of the book.

The focus of Chapter 3 is on estimating the sample error. We want to
estimate how close one may expect f; and f1; to be, depending on the size of
the sample and with a given confidence. Or, equivalently,

How many examples do we need to draw to assert, with a confidence greater than
1 =38, that [y (fy _fH)2 dpyx is not more than &?

Our main result in Chapter 3, Theorem 3.3, gives an answer.

Chapter 4 characterizes the measures p and some families {Hg}r~0o of
hypothesis spaces for which A(Hg) tends to zero with polynomial decay; that
is, A(Hg) = O(R™?) for some # > 0. These families of hypothesis spaces are
defined using RKHSs. Consequently, the chapter opens with several results on
these spaces, including a proof of Mercer’s theorem.

The bounds for the sample error in Chapter 3 are in terms of a specific
measure of the size of the hypothesis space H, namely, its covering numbers.
This measure is not explicit for all of the common choices of . In Chapter 5
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we give bounds for these covering numbers for most of the spaces H introduced
in Chapter 2. These bounds are in terms of explicit geometric parameters of H
(e.g., dimension, diameter, smoothness, etc.).

In Chapter 6 we continue along the lines of Chapter 4. We first show some
conditions under which the approximation error can decay as O(R~?) only if
fp is €. Then we show a polylogarithmic decay in the approximation error
of hypothesis spaces defined via RKHSs for some common instances of these
spaces.

Chapter 7 gives a solution to the bias—variance problem for a particular family
of hypothesis spaces (and under some assumptions on f},).

Chapter 8 describes a new setting, regularization, in which the hypothesis
space is no longer required to be compact and argues some equivalence
with the setting described above. In this new setting the computation of the
empirical target function is algorithmically very simple. The notion of excess
generalization error has a natural version, and a bound for it is exhibited.

A special case of learning is that in which Y is finite and, most particularly,
when it has two elements (cf. Case 1.5). Learning problems of this kind are
called classification problems as opposed to the ones with ¥ = R, which are
called regression problems. For classification problems it is possible to take
advantage of the special structure of ¥ to devise learning schemes that perform
better than simply specializing the schemes used for regression problems.
One such scheme, known as the support vector machine, is described, and
its error analyzed, in Chapter 9. Chapter 10 gives a detailed analysis for natural
extensions of the support vector machine.

We have begun Chapters 3—10 with brief introductions. Our intention is that
maybe after reading Chapter 2, areader can form an accurate idea of the contents
of this book simply by reading these introductions.

1.7 References and additional remarks

The setting described in Section 1.2 was first considered in learning theory by
V. Vapnik and his collaborators. An account of Vapnik’s work can be found
in [134].

For the bias—variance problem in the context of learning theory see [18, 54]
and the references therein.

There is a vast literature in learning theory dealing with the sample error. A
pair of representative books for this topic are [6, 44].

Probably the first studies of the two terms in the error decomposition (1.2)
were [96] and [36].
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In this book we will not go deeper into the details of PAC learning. A standard
reference for this is [67].

Other (but not all) books dealing with diverse mathematical aspects of
learning theory are [7, 29, 37, 57, 59, 61, 92, 95, 107, 111, 124, 125, 132,
133, 136, 137]. In addition, a number of scientific journals publish papers on
learning theory. Two devoted wholly to the theory as developed in this book
are Journal of Machine Learning Research and Machine Learning.

Finally, we want to mention that the exposition and structure of this chapter
largely follow [39].
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Basic hypothesis spaces

In this chapter we describe several examples of hypothesis spaces. One of these
examples (or, rather, a family of them) — a subset { of an RKHS — will be
systematically used in the remainder of this book.

2.1 First examples of hypothesis space

Example 2.1 (Homogeneous polynomials) Let H,; = H,(R""!) be the
linear space of homogeneous polynomials of degree d in xg,x1,...,x,. Let
X =S(R™1), the n-dimensional unit sphere. An element in H, defines a
function from X to R and can be written as

f= Z wex?®.

lot|=d

Here, @ = (a,...,0,) € Nt is a “multi-index,” | = ag + -+ + ap,
and x¥ = x;” - -+ x,". Thus, H, is a finite-dimensional vector space. We may
consider H = {f € Hg | ||fllo < 1} to be a hypothesis space. Because of the

scaling f (Ax) = A%f (x), taking the bound | f|lo < 1 causes no loss.

Example 2.2 (Finite-dimensional function spaces) This generalizes the
previous example. Let ¢1,...,¢ny € € (X) and E be the linear subspace of
% (X) spanned by {¢1,...,¢n}. Here wemay take H = {f € E | || fllco < R}
for some R > 0.

The next two examples deal with infinite-dimensional linear spaces. To
describe them better, we first remind the reader of a few basic notions and
notations.

17
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2.2 Reminders I

(I) We first recall some commonly used spaces of functions.
We have already defined € (X). Recall that this is the Banach space of
bounded continuous functions on X with the norm

Iflex) = Ilf llo = sup [f (x)].

xeX

When X C R”, fors € N, we denote by ¥ (X) the space of functions on X that
are s times differentiable and whose sth partial derivatives D“f are continuous.
This is also a Banach space with the norm

I1f llsx)y = max [|[Df].
e <s

Here, @ € N" and D®f is the partial derivative 8'“‘]‘/8?x1, e, 09Xy

The space ¢°°(X) is the intersection of the spaces ¢*(X) for s € N. We do
not define any norm on ¥"°°(X) and consider it only as a linear space.

Let v be a Borel measure on X, p € [1,00), and L be the linear space of
functions f : X — Y such that the integral

/ F@P dv
X

exists. The space £ (X) is defined to be the quotient of L under the equivalence
relation = given by

f=g &= /};If(X)—g(X)Ipdv=0-

This is a Banach space with the norm

I/p
||f||$vp(x)=</x |f(x)|”dv> |

Ifp=2, .i”vz (X) is actually a Hilbert space with the scalar product

(f:8) 22000 = /Xf(x)g(x) dv.

When there is no risk of confusion we write {, ), and || ||, instead of (, )gvz(x)
and | || L2(X)- In addition, when v = px we simply write || ||, instead of the
more cumbersome || || 5y -
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Note that elements in %7 (X) are classes of functions. In general, however,
one abuses language and refers to them as functions on X . For instance, we say
that f € £ (X) is continuous when there exists a continuous function in the
class of f.

The support of a measure v on X is the smallest closed subset X, of X such
that v(X \ X,) = 0.

A function f : X — R is measurable when, for all o« € R, the set {x € X |
f(x) < «}is aBorel subset of X.

The space .Z°(X) is defined to be the set of all measurable functions on X
such that

If1l.zgexy := sup |f (x)] < oo.

xeX,

Each element in .Z° (X) is a class of functions that are identical on X,.

A measure v is finite, when v(X) < oo. Also, we say that v is nondegenerate
when, for each nonempty open subset U € X, v(U) > 0. Note that v is
nondegenerate if and only if X}, = X.

If v is finite and nondegenerate, then we have a well-defined injection
CX)— LX), forall 1 <p < oo.

When v is the Lebesgue measure, we sometimes denote 2% (X) by .7 (X)
or, if there is no risk of confusion, simply by .Z7.

(IT) We next briefly recall some basics about the Fourier transform. The
Fourier transform F : £ (R") — Z'(R") is defined by

FHw) = f ¢ () di.

Rn

The function F(f) is well defined and continuous on R” (note, however,
that F(f) is a complex-valued function). One major property of the Fourier
transform in .Z’! (R") is the convolution property

F(f *g) = F(HF (@
where f * g denotes the convolution of f and g defined by

(f % £)() = /R F = Wz d

The extension of the Fourier transform to .Z2%(R") requires some caution.
Let %p(R") denote the space of continuous functions on R” with compact



20 2 Basic hypothesis spaces

support. Clearly, 6o(R") c 2 (R") N .Z2(R"). In addition, €o(R") is dense
in .Z2(R"™). Thus, for any f € .Z*(R"), there exists {Pr k=1 C Go(R") such
that ||¢px — f|| — 0 when k — co. One can prove that for any such sequence
(ér), the sequence (F(¢x)) converges to the same element in L2(RM). We
denote this element by F(f) and we say that it is the Fourier transform of f.
The notationf instead of F(f) is often used.

The following result summarizes the main properties of F: Z*(R") —
L2(RM).

Theorem 2.3 (Plancherel’s theorem) Forf € £*>(R")

1 F(Hw) = klim / e~ ™Xf (x) dx, where the convergence is for the
— 00 [_k’k]"

norm in L*(R").

@) 1FOI = (Zﬂ)’i/zllfll-

(i) fG) = lim o A
for the norm in L*(R™). If f € LV (R")N.L*R"), then the convergence
holds almost everywhere.

(iv) The map F: L*(R") — L>(R") is an isomorphism of Hilbert spaces.

WX F (f)(w) dw, where the convergence is

(IIT) Our third reminder is about compactness.

It is well known that a subset of R” is compact if and only if it is closed and
bounded. This is not true for subsets of %" (X ). Yet a characterization of compact
subsets of €’(X) in similar terms is still possible.

A subset S of € (X) is said to be equicontinuous at x € X when for every
& > 0 there exists a neighborhood V of x such that forally € V and f € S,
|f(x) —f ()| < e. The set S is said to be equicontinuous when it is so at every
xinX.

Theorem 2.4 (Arzeli—Ascoli theorem) Let X be compact and S be a subset of
€ (X). Then S is a compact subset of € (X) if and only if S is closed, bounded,
and equicontinuous. |

The fact that every closed ball in R" is compact is not true in Hilbert space.
However, we will use the fact that closed balls in a Hilbert space H are weakly
compact. That is, every sequence {f;},cN in a closed ball B in H has a weakly
convergent subsequence {fy, }xen, Or, in other words, there is some f eB
such that

lim (f,,.g) =(f.g), Vg eH.
k— 00
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(IV) We close this section with a discussion of completely monotonic
functions. This discussion is on a less general topic than the preceding contents
of these reminders.

A function f : [0,00) — R is completely monotonic if it is continuous on
[0, 00), € on (0, 00), and, for all » > 0 and k > 0, (=D f® () > 0.

We will use the following characterization of completely monotonic
functions.

Proposition 2.5 A functionf : [0, 00) — R is completely monotonic if and only
if, for all t € (0, 00),

f@ = /OO e %dv(o),
0

where v is a finite Borel measure on [0, 00). ||

2.3 Hypothesis spaces associated with Sobolev spaces

Definition 2.6 Let J : E — F be a linear map between the Banach spaces E
and F. We say that J is bounded when there exists b € R such that for all x € E
with ||x|| = 1, |[J (x)|| < b. The operator norm of J is

I/l = sup [IJ ).
llxl=1
If J is not bounded, then we write ||J|| = co. We say that J is compact when
the closure J (B) of J (B) is compact for any bounded set B C E.

Example 2.7 (Sobolev spaces) LetX beadomainin R"” with smooth boundary.
For every s € N we can define an inner product in 4°°(X) by

e

ler] <s

Here we are integrating with respect to the Lebesgue measure p on X
inherited from Euclidean space. We will denote by | ||s the norm induced
by (, )s. Notice that when s = 0, the inner product above coincides with
that of .#2(X). That is, || |lo = || ||l. We define the Sobolev space H*(X) to
be the completion of ¥"°°(X) with respect to the norm || ||s. The Sobolev
embedding theorem asserts that for all » € N and all s > n/2 + r, the
inclusion

Js:H (X) — €"(X)
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is well defined and bounded. In particular, for all s > n/2, the inclusion
Jo H(X) — €(X)

is well defined and bounded. From Rellich’s theorem it follows that if X is
compact, this last embedding is compact as well. Thus, if Br denotes the closed
ball of radius R in H*(X) we may take Hgrs = H = Js(BR).

2.4 Reproducing Kernel Hilbert Spaces

Definition 2.8 Let X be a metric space. We say that K: X xX — R is
symmetric when K(x,t) = K(t,x) for all x,r € X and that it is positive
semidefinite when for all finite sets x = {x,...,x¢} C X the k x k matrix
K[x] whose (i,j) entry is K(x;,x;) is positive semidefinite. We say that K is
a Mercer kernel if it is continuous, symmetric, and positive semidefinite. The
matrix K[x] above is called the Gramian of K at x.

For the remainder of this section we fix a compact metric space X and a
Mercer kernel K:X x X — R. Note that the positive semidefiniteness implies
that K (x,x) > O for each x € X. We define

Ck = supv/K(x,x).
xeX

Then

Ck = sup vI|K(x,0)]

x,teX

since, by the positive semidefiniteness of the matrix K[{x,¢}], for all x,¢ € X,
(K(x,1)* < K(x, 0K (t,1).
For x € X, we denote by K, the function

K.: X - R

t— K(x,1).

The main result of this section is given in the following theorem.
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Theorem 2.9 There exists a unique Hilbert space (Hg, (, )1,) of functions
on X satisfying the following conditions:

() forallx € X, K, € Hg,
(1) the span of the set {K | x € X} is dense in Hg, and
(iii) forallf € Hx andx € X, f(x) = (Kx,f ) H,-

Moreover, Hg consists of continuous functions and the inclusion Ix : Hx —
% (X) is bounded with ||Ig | < Ckg.

Proof. Let Hy be the span of the set {K, | x € X }. We define an inner product
in Hy as

s r
(f.g) = Y aifiK(1), for f=Y aiKy, g=y BKi.
1<i<s i=1 j=1
1<j<r
The conditions for the inner product can be easily checked. For example, if
(f,f) = 0, then for each ¢ € X the positive semidefiniteness of the Gramian of
K at the subset {x;}7_; U {r} tells us that for each € € R

N s
> K (i xp)ey +2 ) oK (xi,0)e + €K (t,1) > 0.
ij=1 i=1

However, )} Jj=1 %K (xi, xp)ej = (f,f) = 0. By letting € be arbitrarily small,
we see that f (f) = Y i_; «;K (x;,7) = 0. This is true for each # € X; hence f is
the zero function.

Let Hk be the completion of Hy with the associated norm. It is easy to check
that Hg satisfies the three conditions in the statement. We need only prove that
itis unique. So, assume H is another Hilbert space of functions on X satisfying
the conditions noted. We want to show that

H=Hg and (,)n={(, )H- 2.1)

We first observe that Hy C H. Also, for any x,t € X, (K, K;)g = K(x,1) =
(K, K;)H, - By linearity, for every f,g € Ho, {f,g)n = (f, g)H,- Since both
H and Hg are completions of Hy, (2.1) follows from the uniqueness of the
completion.

To see the remaining assertion consider f € Hg and x € X. Then

IF 1 = KK g | = 1 1 IR N3, = 1S I7x v K ().
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This implies that |[fllec < Ckllfll7 and, thus, |[Ik|| < Ck. Therefore,
convergence in || |71, implies convergence in || [loo, and this shows that f
is continuous since f is the limit of elements in Hy that are continuous. |

In what follows, to reduce the amount of notation, we will write (, )g instead
of (, )x, and || ||k instead of || |7

Definition 2.10 The Hilbert space Hg in Theorem 2.9 is said to be an
Reproducing Kernel Hilbert Space (RKHS). Property (iii) in Theorem 2.9 is
refered to as the reproducing property.

2.5 Some Mercer kernels

In this section we discuss some families of Mercer kernels on subsets of R". In
most cases, checking the symmetry and continuity of a given kernel K will be
straightforward. Checking that K is positive semidefinite will be more involved.

The first family of Mercer kernels we look at is that of dot product kernels.
Let X = {x € R":|x]| < R} be a ball of R"” with radius R > 0. A dot product
kernel is a function K : X x X — R given by

K(,y) =Y asx-»*
d=0

where ag > 0and Y agR* < oo.
Proposition 2.11 Dot product kernels are Mercer kernels on X .

Proof. The kernel K is obviously symmetric and continuous on X x X.
To check its positive semidefiniteness, recall that the multinomial coefficients
associated with the pairs (d, o)

d!

cl=—% _ ae? |al=d,
“oag! !

satisfy

x-y? = Z Cax*y*, Vx,y e R
la|=d

Let {x{,...,x;} C X.Then, forallcy,...,c; € R,
2

k oo k
Z ciciK (xi, x;) = Zad Z Cg <Z cix:?‘) > 0.

ij=1 d=0 |a|=d i=1

Therefore, K is a Mercer kernel. |
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An explicit example is the linear polynomial kernel.

Example 2.12 Let X be a subset of R containing at least two points, and K
the Mercer kernel on X given by K(x,y) = 1 4 x - y. Then Hy is the space of
linear functions and {1, x} forms an orthonormal basis of Hy.

Proof. Note that for a € X, K, is the function 1 + ax of the variable x in
X C R. Take a # b € X. By the definition of the inner product in Hg,

IKa — Kpll% = (Ko — Kb, Ko — Kp)x = K(a,a) — 2K (a,b) + K (b, b)
=14a>=2(1+ab) +1+b* = (a—b)’.

But (K, — Kp)(x) = (1 +ax) — (1 + bx) = (a — b)x. So K, — Kp||% =
(@ — b)x||% = (a — b)?||x||%. It follows that [x]|x = 1.
In the same way,

(K4, Kg — Kp)k = K(a,a) — K(a,b) = (1 +a2) — (1 +ab) =a(a—b).
But (K; — Kp)(x) = (a — b)x and K,(x) = 1 4 ax. So
(Ka.Ka — Kp)k = (1 +ax, (a — b)x)g = (a — b)(1,x)k + ala — b)||x|k-

Since ||x||%( = 1, we have (a — b)(l,x)k = 0. Buta — b # 0, and hence
(1,)()[( =0.
Similarly, (K,, K;)xk = K(a,a) =1+ a? can also be written as

(1+ax,1+ax)g = |1|% +2a(1,x)x + a*|x|% = 1|3 + d°.

Hence ||1||x = 1. We have thus proved that {1, x} is an orthonormal system
of Hg.

Finally, each function K, = 1 + cx with ¢ € X is contained in span{l, x},
which is a closed subspace of Hg. Therefore, span{1,x} = Hg and {1, x} is an
orthonormal basis of Hg. |

The above extends to the multivariate case under a slightly stronger
assumption on X .

Example 2.13 Let X C R" containing 0 and the coordinate vectors e;, j =
1,...,n. Let K be the Mercer kernel on X given by K(x,y) = 1+ x - y. Then
‘Hk is the space of linear functions and {1, x1, x>, . . ., x,} forms an orthonormal
basis of Hg.
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Proof. Note that K(v,x) = 1 +v-x = 1 +vix; + - + vyx, withv =
Wi,...,vy) €X C R
We argue as in Example 2.12. Foreach 1 <j <n,

1Ke; — K0||%( = K(ej,ej) — 2K (e;,0) + K(0,0) = 1.

But (K, —Ko)(x) = (14x;) — 1 = x;, and therefore 1 = ||K,; —Koll% = llx;|%-
One can prove, similarly, that (1, x;)x = Oand (1,1)x = 1. Now consideri # j:

(Keis Kej)k = K(eivej) =1 = (1 +x;, 1 + x5)k

= 1111% + (Lx)x + (Lx)x + (xi, X))k

Since we have shown that (1, x;)x = (1,x;)xk =0 and ||1||x = 1, it follows that
(x;,xj)k =0. We have thus proved that {1,x1,x2,...,x,} is an orthonormal
system of Hg. But each function K, =1 4+ v - x with v € X is contained
in span{l,x1,x2,...,x,}, which is a closed subspace of Hg. Therefore,
span{1,x1,x2,...,x,} =Hg and {l,x1,x2,...,x,} is an orthonormal basis
of HK. |

The second family is that of translation invariant kernels as given by,

Kx,y) =k(x —y),

where k is an even function on R”, that is, k(—x) = k(x) for all x € R".
We say that the Fourier transform kof kis nonnegatz ve (respectively, positive)
when it is real valued and k(S ) > 0 (respectively, k(E ) > 0) forall £ € R".

Proposition 2.14 Let k € ZL*(R") be continuous and even. Suppose the
Fourier transform of k is nonnegative. Then the kernel K(x,y) = k(x — y)
is a Mercer kernel on R" and hence a Mercer kernel on any subset X of R".

Proof. We need only show the positive semidefiniteness. To do so, for any
Xly...,Xm € R"and ¢y, ..., ¢y € R, we apply the inverse Fourier transform

k(x) = 2m)™" f k(&)e™E de
Rn
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to get

Z cjceK (xj,x¢) = Z cjc/g(27t)7"/ 75(5)‘43’"‘-"'5eiix‘f'S d§

jl=1 Jjl=1 R

= (271)*”./\ 7;(5) E Cjeixj'é <E cgeing) dg
R» ;
j=1 =1

2
m

=@m)™" / k@) Y et dg =0,
R~ :

j=1

where | | means the module in C and 7 is the complex conjugate of z. Thus, K
is a Mercer kernel on any subset of R”. |

Example 2.15 (A spline kernel) Let k be the univariate function supported on
[—2,2] given by k(x) = 1 — |x|/2 for —2 < x < 2. Then the kernel K defined
by K(x,y) = k(x — y) is a Mercer kernel on any subset X of R.

Proof. One can easily check that 2k(x) equals the convolution of
the characteristic function x;_jj; with itself. But x[_1,1(§) =2sin§/&.
Thus, 79(5):2(sin.§ J€)>>0 and the Mercer property follows from
Proposition 2.14. |

Remark 2.16 Note that the kernel K defined in Example 2.15 is given by

1= -y <2

Kx,y) = .
(x.) 0 otherwise,

and therefore Cx = 1.

Multivariate splines can also be used to construct translation-invariant
kernels. Take B = [b1 by ... by] to be an n x g matrix (called the direction
set) such that ¢ > n and the n x n submatrix By = [b1 by ... b,] is invertible.
Define

1

Mp, = ————
Bo = Tdet By

Xpar(By)»

the normalized characteristic function of the parallepiped

n
1
By) := Lbi |5 <=, 1<j<
par (Bo) 2;]j||]|_2 =Jj=n
]=
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spanned by the vectors by, .. ., b, in R". Then the (centered) box spline Mp can
be inductively defined by

1

2
Mipy by . by )OO = | Mibyby by 11X — thas)) dt
-2

forj = 1,...,q9 — n. One can check by induction that its Fourier transform
satisfies

q .
~ sin(§ - b;/2)
Mp@E)=||—F1—7
H £-b;/2
Example 2.17 (A box spline kernel) Let B = [b1 b ... b,] be ann x g matrix
where [b1 by ... by] is invertible. Choose k(x) = (Mp * Mp)(x) to be the box
spline with direction set [B, B]. Then, for all £ € R”,

~ 4 /sin(E - b;/2)\?
fo=11(" 55 )

J=1

and the kernel K (x,y) = k(x — y) is a Mercer kernel on any subset X of R".

An interesting class of translation invariant kernels is provided by radial
basis functions. Here the kernel takes the form K(x,y) = f(|lx — y||*) for
a univariate function f on [0, 4-00). The following result allows us to verify
positive semidefiniteness easily for this type of kernel.

Proposition 2.18 Let X C R”, f:[0,00) - Rand K:X x X — R defined
by K(x,y) = f(lx — yI?). If f is completely monotonic, then K is positive
semidefinite.

Proof. By Proposition 2.5, there is a finite Borel measure v on [0, co) for
which

o0
f@) = / e "7 dv(o)
0
for all ¢ € [0, 00). It follows that

K(ey) =f (e —y|?) = fo e (o),
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. 2
Now note that for each o € [0, c0), the Fourier transform of e—olxl equals

(«/7‘[/0)"6_”5”2/40. Hence,

e I” = (2;1)—"/ (z)é—%euf dk.

o

Therefore, reasoning as in the proof of Proposition 2.14, we have, for all x =
(XI, s s-xm) € Xm’

2

Xm:c ciK (xg,xi) —/00(271)7"/‘ (z>% e7% ice*”jf dé& dv(o) >0
i 657 = 0 n \O / -

£j=1 j=1
|

Corollary 2.19 Let ¢ > 0. The following functions are Mercer kernels on any
subset X C R":

(1) (Gaussian) K (x,t) = e~ Ir=1l/e,
(1) (Inverse multiquadrics) K(x,t) = (c2 + ||lx — t||2)_°‘ with o > 0.

Proof. Clearly, both kernels are continuous and symmetric. In (i) K is positive
semidefinite by Proposition 2.18 with f (r) = e™" /<* The same is true for (ii)
taking f (r) = (2 +r. |

Remark 2.20 The kernels of (i) and (ii) in Corollary 2.19 satisfy Cx = 1 and
Ck = ¢7%, respectively.

A key example of a finite-dimensional RKHS induced by a Mercer kernel
follows. Unlike in the case of the Mercer kernels of Corollary 2.19, we will not
use Proposition 2.18 to show positivity.

Example 2.1 (continued) Recall that Hy; = Hy(R"!) is the linear space
of homogeneous polynomials of degree d in xg, x1, ..., x,. Its dimension (the
number of coefficients of a polynomial f € H) is

n+d
N = ( + ) .
n
The number N is exponential in n and d. We notice, however, that in some

situations one may consider a linear space of polynomials with a given
monomial structure; that is, only a prespecified set of monomials may appear.
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We can make H,; an inner product space by taking

(f.8lw= D Wwava(CH™

la|=d

forf,g € Hy,f =D wax®, g = D vex®. This inner product, which we call
the Weyl inner product, is natural and has an important invariance property. Let
O (n+1) be the orthogonal group in R"*! | that is, the group of (n+1) x (n+1)
real matrices whose action on R"*! preserves the inner product on R"*!,

o(x)-o(y)=x-y, forallx,ye R"*landallo € O(n+ 1).

The action of @(n + 1) on R"*! induces an action of &(n + 1) on Hy. For
f e Hgand o € O(n+ 1) we define o(f) € Hy by of (x) = f(o~'(x)).
The invariance property of (, )w, called orthogonal invariance, is that for all
f?g € Hda

(@(f)o@w = {f.gw.

Note that if || f |w denotes the norm induced by (, )w, then

£ < IFIwlxl9,

where ||x|| is the standard norm of x € R"*!. This follows from taking the
action of 6 € & (n + 1) such that o (x) = (]|x],0, ..., 0).
LetX = S(R"t!) and

K:XxX—R
(x, 1) > (x- 02
Let also
d:X > RN
X > (x“(cg)‘/z) .
|a|=d

Then, for x,t € X, we have

D) D) = Y x*“CH=(x- 1)) =K(x,0).
|a|=d

This equality enables us to prove that K is positive semidefinite. For#q, ..., €
X, the entry inrow i and column j of K[t]is @ (z;)- ® (¢;). Therefore, if M denotes
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the matrix whose jth column is @ (#;), we have that K[t] = M TM , from which
the positivity of K[t] follows. Since K is clearly continuous and symmetric, we
conclude that K is a Mercer kernel.

The next proposition shows the RKHS associated with K.

Proposition 2.21 H,; = Hg as function spaces and inner product spaces.

Proof. We know from the proof of Theorem 2.9 that Hx is the completion of
Hy, the span of {K | x € X}. Since Hy € H, and H, has finite dimension, the
same holds for Hy. But then H is complete and we deduce that

Hg = Hy C 'Hy.

The map V : R"™! — RN defined by V(x) = (x%)q|=q is @ well-known
object in algebraic geometry, where it is called a Veronese embedding. We
note here that the map & defined above is related to V, since for every x € X,
®(x) = DV(x), where D is the diagonal matrix with entries (Cg Y172 The image
of R"*! by the Veronese embedding is an algebraic variety called the Veronese
variety, which is known to be nondegenerate, that is, to span all of RN . This
implies that Hxg = H, as vector spaces. We now show that they are actually
the same inner product space.

By definition of the inner product in Hy, for all x,r € X,

(Koo Ky = Kr,0) = Y Clae®,
la|=d

On the other hand, since K,(w) = Zlalz d ng"‘w"‘, we know that the Weyl
inner product of K, and K satisfies

(Ko K)ow = Y (CHT'CIx*Clr = Y~ Clxt* = (K, Ki)k.
la|=d |a|=d

We conclude that since the polynomials K, span all of Hy, the inner product in
‘Hx = Hy is the Weyl inner product. |

2.6 Hypothesis spaces associated with an RKHS

We now proceed with the last example in this chapter.

Proposition 2.22 Let K be a Mercer kernel on a compact metric space X, and
‘Hg its RKHS. Forall R > 0, the ball Br :== {f € Hk : ||fllk < R} is a closed
subset of € (X).
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Proof. Suppose {f,} C Bg converges in € (X) to a functionf € € (X). Then,
forallx € X,

fQ) = lim f(x).

Since a closed ball of a Hilbert space is weakly compact, we have that Bg is
weakly compact. Therefore, there exists a subsequence {f;, }xen of {f,} and an
element f € Bg such that

lim (f,.8)x = (f.8)k. Vg € H.
k—o00
For each x € X, take g = K, to obtain

Jim o, (@) = lim (. Kok = (. Kok =F ).

But limy_, o fy, (x) = f(x), so we have f(x) = f(x) for every point x € X.
Hence, as continuous functions on X, f = f. Therefore, f € Bg. This shows
that By is closed as a subset of € (X). |

Proposition 2.23 Let K be a Mercer kernel on a compact metric space X, and
‘Hk be its RKHS. For all R > 0, the set Ix (Bg) is compact.

Proof. By the Arzeld—Ascoli theorem (Theorem 2.4) it suffices to prove that
Bp is equicontinuous.

Since X is compact, sois X x X . Therefore, since K is continuous on X x X,
K must be uniformly continuous on X x X . It follows that for any ¢ > 0, there
exists § > 0 such that for all x,y,y’ € X withd(y,y") <6,

IK(x,y) — K(x,y)| < e.
Forf € Bgand y,y' € X withd(y,y’) < 8, we have
IfO) =fONI = 1{f. Ky — Ky)k| < IfIIklIKy — Ky |k
<RK®©.y) —K3.y) +K0O',Y) — K. y)N"? < RV2e.

Example 2.24 (Hypothesis spaces associated with an RKHS) Let X be
compact and K : X x X — R be a Mercer kernel. By Proposition 2.23, for
all R > 0 we may consider /g (Bg) to be a hypothesis space. Here and in what
follows Bg denotes the closed ball of radius R centered on the origin.
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2.7 Reminders I1

The general nonlinear programming problem is the problem of finding x € R"
to solve the following minimization problem:

min  f(x)
st gix) <0, i=1,...,m, 2.2)
hi(x) =0, j=1,...,p,

wheref, gi, hj : R" — R.The functionf is called the objective function, and the
equalities and inequalities on g; and h; are called the constraints. Points x € R”"
satisfying the constraints are feasible and the subset of R" of all feasible points
is the feasible set.

Although stating this problem in all its generality leads to some conceptual
clarity, it would seem that the search for an efficient algorithm to solve it is
hopeless. A vast amount of research has thus focused on particular cases and
the emphasis has been on those cases for which efficient algorithms exist. We do
not develop here the complexity theory giving formal substance to the notion of
efficiency — we do not need such a development; instead we content ourselves
with understanding the notion of efficiency according to its intuitive meaning:
an efficient algorithm is one that computes its outcome in a reasonably short
time for reasonably long inputs. This property can be found in practice and
studied in theory (via several well-developed measures of complexity available
to complexity theorists).

One example of a well-studied case is linear programming. This is the case
in which both the objective function and the constraints are linear. It is also a
case in which efficient algorithms exist (and have been both used in practice
and studied in theory). A much more general case for which efficient algorithms
exist is that of convex programming.

A subset S of a linear space H is said to be convex when, for all x,y € S and
alla € [0,1], Ax + (1 —A)y € S.

A function f on a convex domain § is said to be convex if, for all A € [0, 1]
andallx,y € S, f(Ax+ (1 —A)y) < Af (x) + (1 —A)f (¥). If S is an interval on
R, then, for xp,x € S, xo < x, we have

J o+ Alx = x0)) =f(Ax + (1 = Hxo) < Af (x) + (1 = A)f (xo)

and

f o+ A(x —x0)) — f (x0) - f® —f(XO).

A(x — xp) - x—Xo
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This means that the function r — (f (¢) — f (x0))/(t — xp) is increasing in the
interval [xg, x]. Hence, the right derivative

o = tim L0
+ T

=)+ I —Xo
exists. In the same way we see that the left derivative

@ —f(x0)

t— (x0)— r— X0

exists. These two derivatives, in addition, satisfy f” (xg) < f_’F (xp) whenever xg
is a point in the interior of S. Hence, both f/ (xp) and f° J’r (xp) are nondecreasing
in S.

In addition to those listed above, convex functions satisfy other properties.
We highlight the fact that the addition of convex functions is convex and that if a
function f is convex and € then its Hessian D?f (x) at x is positive semidefinite
for all x in its domain.

The convex programming problem is the problem of finding x € R”
to solve (2.2) with f and g; convex functions and #; linear. As we have
remarked, efficient algorithms for the convex programming problem exist.
In particular, when f and the g; are quadratic functions, the corresponding
programming problem, called the convex quadratic programming problem,
can be solved by even more efficient algorithms. In fact, convex quadratic
programs are a particular case of second-order cone programs. And second-
order cone programming today provides an example of the success of interior
point methods: very large amounts of input data can be efficiently dealt with,
and commercial code is available. (For references see Section 2.9).

2.8 On the computation of empirical target functions

A remarkable property of the hypothesis space H = Ix(Br), where Bg is the
ball of radius R in an RKHS Hk, is the fact that the optimization problem of
computing the empirical target function f; reduces to a convex programming
problem.

Let K be a Mercer kernel, and H its associated RKHS. Let z € Z™. Denote
by Hk z the finite-dimensional subspace of Hg spanned by {K,, ..., K,,} and
let P be the orthogonal projection P : Hg — Hk z-

Proposition 2.25 Let B C Hg. Iff € Hg is a minimizer of £, in B, then P(f)
is a minimizer of & in P(B), the image of B under P.
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Proof. Forallf e Bandalli = 1,....,m, {f,Ky,)x = (P(f),Kx)k. Since
both f and P(f) are in Hg, the reproducing property implies that

F &) ={f,Ky)k = (P(f), Kq)k = (P(f))(x0).

It follows that £, (f) = £,(P(f)). Taking f to be a minimizer of &, in B proves
the statement. |

Corollary 2.26 Let B € Hg be such that P(B) C B. If &, can be minimized in
B then such a minimizer can be chosen in P(B). |

Corollary 2.26 shows that in many situations — for example, when B is
convex — the empirical target function f; may be chosen in Hg 5. Recall from
Theorem 2.9 that the norm || || restricted to Hg 4 is given by

2

m
= Z ciK (xi, xj)cj = cTK[X]c.
ij=1

m
i=1

Therefore, when B = Bg, we may take f; = Z:": | 7Ky, where ¢* € R™ is a
solution of the following problem:

1 m m 2
min = Z (Z CiK (xj,xj) — yj>
j=1 \i=1
s.t. cTK[x]c < R

Note that this is a convex quadratic programming problem and, therefore, can
be efficiently solved.

2.9 References and additional remarks

An exhaustive exposition of the Fourier transform can be found in [120].

For a proof of Plancherel’s theorem see section 4.11 of [40]. The Arzeld—
Ascoli theorem is proved, for example, in section 11.4 of [70] or section 9 of [2].
Proposition 2.5 is shown in [106] (together with a more difficult converse). For
extensions to conditionally positive semidefinite kernels generated by radial
basis functions see [86].

The definition of H*(X) can be extended to s € R, s > 0 (called fractional
Sobolev spaces), using a Fourier transform argument [120]. We will do so in
Section 5.1.
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References for Sobolev space are [1, 129], and [47] for embedding theorems.

A substantial amount of the theory of RKHSs was surveyed by
N. Aronszajn [9]. On page 344 of this reference, Theorem 2.9, in essence,
is attributed to E. H. Moore.

The special dot product kernel K(x,y) = (¢ + x - y)¢ for some ¢ > 0 and
d € Nwas introduced into the field of statistical learning theory by Vapnik (see,
e.g., [134]). General dot product kernels are described in [118]; see also [101]
and [79]. Spline kernels are discussed extensively in [137].

Chapter 14 of [19] is a reference for the unitary and orthogonal invariance of
(, )w. A reference for the nondegeneracy of the Veronese variety mentioned
in Proposition 2.21 is section 4.4 of [109].

A comprehensive introduction to convex optimization is the book [25]. For
second-order cone programming see the articles [3, 119].

For more families of Mercer kernels in learning theory see [107]. More
examples of box splines can be found in [41]. Reducing the computation of f;
from Hg to Hk 4 is ensured by representer theorems [137]. For a general form
of these theorems see [117].
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Estimating the sample error

The main result in this chapter provides bounds for the sample error of a compact
and convex hypothesis space. We have already noted that with m fixed, the
sample error increases with the size of H. The bounds we deduce in this chapter
show this behavior with respect to a particular measure for the size of H: its
capacity as measured by covering numbers.

Definition 3.1 Let S be a metric space and n > 0. We define the covering
number N (S, n) to be the minimal £ € N such that there exist £ disks in S with
radius 1 covering S. When S is compact this number is finite.

Definition 3.2 Let M > 0 and p be a probability measure on Z. We say that a
set H of functions from X to R is M-bounded when

sup [f(x) =yl <M
feH

holds almost everywhere on Z.

Theorem 3.3 Let H be a compact and convex subset of € (X). If H is
M-bounded, then, for all ¢ > 0,

e =02 10 (5 .

3.1 Exponential inequalities in probability

Write the sample error £ (fz) = E(fz) — E(fr) as

Enf) = E(f) — &(f) + & fo) — E(fr) + &) — E(fR)-

37
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Since f; minimizes &, in H, £,(fz) — &(fx) < 0. Then a bound for £/ (f;)
follows from bounds for £(f;) — &,(fz) and & (f) — E(fr). Forf: X — R
consider a random variable £ on Z given by £(z) = (f(x) — y)2, where z =
(.y) € Z. Then &,(f) — £(f) = % Y1 &@) — E§) = Ey(€) — E(©).
The rate of convergence of this quantity is the subject of some well-known
inequalities in probability theory.

If £ is a nonnegative random variable and ¢ > 0, then& > & x(e>1) > tx(£>1),
where x; denotes the characteristic function of J. Noting that Prob{é > t} =
E(x(£>1), we obtain Markov’s inequality,

Prob{¢é > ¢} < &

Applying Markov’s inequality to (¢ — E(£))? for an arbitrary random variable
& yields Chebyshev’s inequality, for any ¢t > 0,

2
Prob{|§ — E(§)| > 1} = Prob{(§ — E(§))” = 1*} < ﬁ

One particular use of Chebyshev’s inequality is for sums of independent random
variables. If £ is arandom variable on a probability space Z withmean E(§) =
and variance 02(§ ) = o2, then, forall ¢ > 0,

1 & o2
Prob | [~ Y EG) —p|zef < .
zer(Z)”’Hm lg(Zl) H 8}_1’”82
i=

This inequality provides a simple form of the weak law of large numbers since
it shows that when m — oo, 71 &(z)) — p with probability 1.

Forany 0 < § < 1 and by taklng & = y/02/(md) in the inequality above it

follows that with confidence 1 — §,
] & o2
— > E@) | == G.1)
mi= mé

The goal of this section is to extend inequality (3. 1) to show a faster rate of decay.
Typical bounds with confidence 1 — § will be of the form c(log(2/6) /m)%w
with0 < 6 < % depending on the variance of £. The improvement in the error is
seen both in its dependence on § — from 2/§ to log(2/48) — and in its dependence

1 1 .
onm—fromm™2 tom™ 2% Note that {& = £(z;) }i2 , are independent random
variables with the same mean and variance.
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Proposition 3.4 (Bennett) Let {&;}" | be independent random variables on a
probability space Z with means {i;} and variances {ol.z}. Set 2 := > o?

fl
If for each i \& — ui| < M holds almost everywhere, then for every ¢ > 0
we have

Prob{igm;[& — ] > g} < exp{—}%{(l + E—i) 10g<1 + Ig) = 1”

Proof. Without loss of generality, we assume p; = 0. Then the variance of ;
is aiz = E(g}).
Let ¢ be an arbitrary positive constant that will be determined later. Then

m m

[:= Prob{Z[&'i — il > a} = Prob{exp{ZcEi} > e“}.

i=1 i=1
By Markov’s inequality and the independence of {&;}, we have

m

1< e‘“E<eXp{Z c&}) =e ]_[E(ecff). (3.2)
i=1

i=1

Since |&;| < M almost everywhere and E(§;) = 0, the Taylor expansion for ¢*
yields

, = c'E(&)) X etm 252
Bef) =143 s )

Using 1 +1 < €', it follows that

1TO0O fagl—2 2 M
c"M*"“o: M —1—-—cM
E(ecé:i) < eXp{E : 7 i } = exp{e — C 01.2},
=2 ’

and therefore

eM _1—eM 2
T

I < exp{—cs +

Now choose the constant ¢ to be the minimizer of the bound on the right-hand

side above:
Liog(14 M8
= — 1o — ).
“Tm® 2
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That is, e — 1 =Me¢ / 2. With this choice,

ool 0+ 2) )

This proves the desired inequality. |

Let g:[0,+00) — R be given by
g =1+ A)log(l + 1) —A.

Then Bennett’s inequality asserts that

m 2
Prob{Z[Ei — i > 8} < exp{—%g(%) } (3.3)

i=1

Proposition 3.5 Let {§;}" | be independent random variables on a probability
space Z with means {{4;} and variances {ol.z} and satisfying |&;(z) —E(&)| <M
for each i and almost all z € Z. Set £ := Yo ol-z. Then for every ¢ > 0,

(Generalized Bennett’s inequality)

Prob {Z[Ei — i > 8} < exp{—ﬁlog (1 + Ag)}

i=1

(Bernstein)

2

Prob {i[& — il > e} < exp _2(8—

i=1 2 4+ %Ms)

(Hoeffding)

m 2
Prob {Z[Si — wi] > 8} <exp {—ﬁ}

i=1

Proof. The first inequality follows from (3.3) and the inequality

A
g() = Slog(l+1), Vi =0. (3.4)
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To verify (3.4), define a % function f on [0, c0) by
f) :=2log(l + A) — 21 + Alog(1 + A).

We can see that f(0)=0, f/(0)=0, and f”(A)=A(l + 2)"2>0 for
A > 0. Hence f (1) > 0 and

log(1+2) — A > —%alog(1+2), VA=0.
It follows that
A
g(A) = Alog(l + A) +log(l +A) — A > > log(14 1), VA > 0.

This verifies (3.4) and then the generalized Bennett’s inequality.

Since g(X) > 0, we find that the function 4 defined on [0, c0) by h(A) =
(6+21)g (L) — 342 satisfies similar conditions: #(0) = #'(0) = 0, and 1" (%) =
4/ +x))g(r) = 0. Hence h(x) > 0 for A > 0 and

2
6421

g) >

Applying this to (3.3), we get the proof of Bernstein’s inequality.

To prove Hoeffding’s inequality, we follow the proof of Proposition 3.4 and
use (3.2). As the exponential function is convex and —M < & < M almost
surely,

oSk < c&i — (_CM)ECM + cM — C’gie—cM
2cM 2cM

holds almost everywhere. It follows from E(&;) = 0 and the Taylor expansion
for ¢* that

1 1< (— cM)‘ 1 & cM)ﬁ >\ (cM)¥
c& - cM - -
E(e )52 22 22 ! Z !
=0 =0 j=0
ad ((cM)2/2’ J i (cM) (cM)?
— ZCXP{ }
Z. 20 — Z 2
]:0 =1 ]=O

This, together with (3.2), implies that I < exp {—ce +m(cM)?/2}. Choose
c=¢/(mM?). ThenI < exp {—&*/(2mM?)}. [ ]

Bounds for the distance between empirical mean and expected value follow
from Proposition 3.5.
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Corollary 3.6 Let & be a random variable on a probability space Z with mean
E(&) = w and variance 6*(§) = o2, and satisfying |&(z) — E(E)| < M for
almost all z € Z. Then for all ¢ > 0,

(Generalized Bennett)
1 & me Me
Prob { — ) — > < ——1 I1+—)¢.
zergm{mgé(zz) M_€}_6XP{ o 0g< +02>}

m82

1 m
(Bernstein)  Prob [— E(z)—n > 8} <expy————
zez | m ; 2 (02 + %Ms)

1 m mgz
(Hoeffding) Prob | — 21: §(z) —pm>ep <exp {_W} :
1=

Proof. Apply Proposition 3.5 to the random variables {§; = &(z;)/m} that
satisfy |& — E(&)| < M /m,0*(&) = o /m?, and }_ 07 = 02 /m. [ ]

Remark 3.7 Each estimate given in Corollary 3.6 is said to be a one-side
probability inequality. The same bound holds true when “>¢” is replaced by
“< —eg.” By taking the union of these two events we obtain a two-side
probability inequality stating that Probgczm {|% M E@) — ,u‘ > 8} is
bounded by twice the bound occurring in the corresponding one-side inequality.

Recall the definition of the defect function L,(f) = E(f) — &,(f). Our
first main result, Theorem 3.8, states a bound for Prob{L,(f) > —e&} for a
single function f : X — Y. This bound follows from Hoeffding’s bound in
Corollary 3.6 by taking & = —f; = —(f(x) —y)? satisfying |&| < M? when
f is M-bounded.

Theorem 3.8 Let M > O and f:X — Y be M-bounded. Then, for all € > 0,
2
me
Prob{L,(f) = —¢} > 1 —exp {— } . [ |
zeZ™m

2M4

Remark 3.9

(1) Note that the confidence (i.e., the right-hand side in the inequality above)
is positive and approaches 1 exponentially quickly with m.
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(ii) A case implying the M-boundedness for f is the following. Define
M, =inf {M >0 {(x,y) € Z: |y — f,(x)] > M} has measure zero} .

Then take M = P + M, where P > ||f —fﬂlg;; = sup [f(x) —fr®)].

xeXpy

(iii) It follows from Theorem 3.8 that for any 0 < § < 1, &(f) — E(f) <
M?2./21og(1/8)/m with confidence 1 — 8.

3.2 Uniform estimates on the defect

The second main result in this chapter extends Theorem 3.8 to families of
functions.

Theorem 3.10 Let H be a compact M-bounded subset of € (X). Then, for all
>0,

2

& me
lz’erg}g {fsg;Lz(f) < e} >1 —N(H, W) exp{—m}.

Notice the resemblance to Theorem 3.8. The only essential difference is in
the covering number, which takes into account the extension from a single f
to the family H. This has the effect of requiring the sample size m to increase
accordingly to achieve the confidence level of Theorem 3.8.

Lemma 3.11 Let H =S, U...USyand e > 0. Then

zeZ™m feH fes;

14
Prob{sup L(f) = s} < _lezﬂerg,g {supLz<f> > s} :
j:

Proof. The proof follows from the equivalence

sup L, (f) > e <= 3Jj<Lls.t supl,(f)>¢
feH fes;

and the fact that the probability of a union of events is bounded by the sum of
the probabilities of those events. |

Proof of Theorem 3.10  Let ¢ = N (H, 557 ) and consider fi, . . ., f such that
the disks D; centered at f; and with radius 37 cover H. Let U be a full measure
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set on which sup; 4 |f (x) — y| = M. By Proposition 1.11, forall z € U™ and
allf € D;j,

ILo(f) — Lo(£)] < AMIIf = filloo < 4Mﬁ —.

Since this holds for allz € U™ and all f € D;, we get

sup Lz(f) > 2e = L,(fj) > ¢.
fEDj

We conclude that forj = 1,...,¢,
2
Prob { sup L,(f) > 2¢ ¢ < Prob {L,(f;) > &} <exp _me
zeZm feb; - ~ zezm 1= - oMA |

where the last inequality follows from Hoeffding’s bound in Corollary 3.6 for
E=—(f(x) — y)2 on Z. The statement now follows from Lemma 3.11 by
replacing & by 5. |

Remark 3.12 Hoeffding’s inequality can be seen as a quantitative instance of
the law of large numbers. An “abstract” uniform version of this law can be
extracted from the proof of Theorem 3.10.

Proposition 3.13 Let F be a family of functions from a probability space Z to
R and d a metricon F. Let U C Z be of full measure and B, L. > 0 such that

(i) E)| <Bforallé € Fandall z € U, and
(ii) |Lz(&1) — Lz(&)] < Ld(&1,&) forall &1,& € F and allz € U™, where

1 m
Lz(s>=/zg<z>—n—1izzls(m.

Then, for all ¢ > 0,

Prob{su |L(s)|<s}>1—N(f i)2ex _me?
veom | jop SN =E] = oL " TR |

3.3 Estimating the sample error

How good an approximation of f3; can we expect f to be? In other words, how
small can we expect the sample error £ (fz) to be? The third main result in
this chapter, Theorem 3.14, gives the first answer.
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Theorem 3.14 Let ‘H be a compact M-bounded subset of € (X). Then, for
all e > 0,

Prob (£3(f,) < e} = 1 - [V (m 16—M) +1] exp{—;;—;;}.

Proof. Recall that Ex(f;) < E(f2) — E.(f) + E(fr) — E(fr).
By Theorem 3.8 applied to the single function f3; and 5, we know that

E(fr) — E(fr) < 5 with probability at least 1 — exp {— g"/;i }

On the other hand, Theorem 3.10 with & replaced by § tells us that with

probability at least 1 — N (H, 157 exp{ 32M4}

sup Ly (f) = sup {E(f) — &(f)} <
feH feH

| ™

holds, which implies in particular that £(f;) — &(f;) < 5. Combining these
two bounds, we know that £1/(f;) < ¢ with probability at least

|:l —N(H, léLM) exp{—;:—;;}} |:l —exp{—gmﬂfli”
1 [ () 1o -]

This is the desired bound. |

Remark 3.15 Theorem 3.14 helps us deal with the question posed in
Section 1.3. Given ¢, > 0, to ensure that

Prob {Ex(f) < e} =1 -4,
VAL

it is sufficient that the number m of examples satisfies

m> 32:244 [ (1 +N(H 16—M)> +1n <%>} 3.5)

To prove this, take § = {N (H, 157) + 1} exp{ e
furthermore, that (3.5) gives a relation between the three basic variables ¢, §,
and m.

} and solve for m. Note,
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3.4 Convex hypothesis spaces

The dependency on ¢ in Theorem 3.14 is quadratic. Our next goal is to show
that when the hypothesis space H is convex, this dependency is linear. This is
Theorem 3.3. Its Corollary 3.17 estimates directly ||fz — f|l, as well.
Toward the proof of Theorem 3.3, we show an additional property of convex
hypothesis spaces. From the discussion in Section 1.3 it follows that for a convex
'H, there exists a function f7; in H whose distance in £.2 to f,, is minimal. We
next prove that if 7 is convex and py is nondegenerate, then f3; is unique.

Lemma 3.16 Let H be a convex subset of € (X) such that fyy exists. Then fy
is unique as an element in 1.2 and, for all f € H,

/X (i —f)* < En(F).

In particular, if px is not degenerate, then fi is unique in H.

Proof. Let s = fif be the segment of line with extremities f and f:
Since H is convex, s C H. And, since f; minimizes the distance in £.2 to

fo

fr 4

fp over H, we have that forall g € s, [fix —fpllp < llg —follo- This means that
foreach t € [0, 1],

Vi = £ol5 < llef + (L= Of —£oll3
= Ifn —f,ll; + 2t {(f —frtofrt = o), + §uf —ani} :

By taking 7 to be small enough, we see that (f — fx.fr — fp)p > 0. That is, the

angleﬁH\f is obtuse, which implies (note that the squares are crucial)

W = £ 15 < W = Foll2 = Wire = fo 125
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that is,

/X =102 < E(F) = EGr) = Enh).

This proves the desired inequality. The uniqueness of f3; follows by considering
the line segment joining two mir minimizers fH and f;. Reasoning as above, one

can show that both angles fp fo and fpf fH are obtuse. This is possible only
iffy, =13, |
Corollary 3.17 With the hypotheses of Theorem 3.3, for all ¢ > 0,

)

Prob{/(fz —)? <8} z 1—N<H’ﬁ)eXp[_300M2

Now, in addition to convexity and M-boundedness, assume that H is a
compact subset of € (X), so that the covering numbers A (H, ) make sense
and are finite. The main stepping stone toward the proof of Theorem 3.3 is a
ratio probability inequality.

We first give such an inequality for a single random variable.

Lemma 3.18 Suppose a random variable & on Z satisfies E(§) = u > 0, and
|€ — u| < B almost everywhere. IfE(£%) < cE(&), then, for every ¢ > 0 and
O<a<l,

_lywm . 2
Prob H o 2z §@) >aa/el <expq— d mj
zeZ™ vy + e 2c + §B

holds.

Proof. Since & satisfies |§ — | < B, the one-side Bernstein inequality in
Corollary 3.6 implies that

_1lywm . 2
prob {u w i @) aﬁ} cexp |- o?m(p + e)e
wor | Jhte 2(02®) + {Bay T EE)

Here 02(¢) < E(£2) < cE(£) = cu. Then we find that

1 1 B
o(€) + §Ba«/u Fee<cu+ §B(u +e) < <c + 5) (1 + ¢).

This yields the desired inequality. |
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We next give a ratio probability inequality involving a set of functions.

Lemma 3.19 Let G be a set of functions on Z and ¢ > 0 such that for each
g€ G E(g >0, E(gz) < cE(g), and |g — E(g)| < B almost everywhere.
Then, for every ¢ > 0and 0 < a < 1, we have

E(g) — Ez(g) a’me
Prob > 4 <N (@, - .
it Leg B e aﬁ} (G, ) exp { Sy %B}

Proof. Let {gJ}J | C GwithJ = N (G, ae) be such that G is covered by balls
in ¢ (Z) centered on g; with radius ae.
Applying Lemma 3.18 to & = g; for each j, we have

E(gj) — Ez(g)) oa’me
Prob{ —2 21" > o /et <exp{— )
222 { VEG) T ¢ "1 2+ 28

For each g € G, there is some j such that ||g — gjll¢z) < ae. Then |[E;(g) —
E,(gj)| and [E(g) — E(g;)| are both bounded by ae. Hence

|E2(g) — Eq(g))] <aJF and [E(g) — E(g))] <aJe

VE@ +& VE@) +e¢
The latter implies that
E(g) +¢e =E(g) —E@©) +E@©) +¢ < aveVE() + ¢ + (E(g) +¢)
< VevE(@) + e+ (E(®) +¢) < 2(E(@) +¢).

It follows that \/E(g])+8<2\/E(g)+8 We have thus seen that

(E(g) — Ez(2))/VE(g) + & > 4a /e implies (E(g)) — E,(g))/E(g) +& >
2a4/¢ and hence (E(gj) — E,(gj))//E(gj) + ¢ > a/c. Therefore,

J . —_— .
o g BB - g ] < $opy [ ),
g€g

zeZm E(g) +¢ zeZ™m /E(g/) + ¢

j=1
which is bounded by J - exp [—a2m8 /e + 2B) } m
We are in a position to prove Theorem 3.3.

Proof of Theorem 3.3 Consider the function set

G={r® == (@ -y f e H}.
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Each function g in G satisfies E(g) = &1 (f) > 0. Since H is M-bounded, we
have —M? < g(z) < M? almost everywhere. It follows that |g§ —E(g)| < B :=
2M? almost everywhere. Observe that

8@ = (f) —fH) [(f ) =)+ (fHD) =], z=(xy) €Z.

It follows that |g(z)| < 2M |f (x) — fr(x)| and E(g?) < 4M? [ (f — fr)*.
Taken together with Lemma 3.16, this implies E(g?) < 4M2€H(f) = cE(g)
with ¢ = 4M 2. Thus, all the conditions in Lemma 3.19 hold true and we can
draw the following conclusion from the identity E,(g) = &y, (f): for every
e > 0and 0 < o < 1, with probability at least

a2m8
1—N(g,a8)exp{—m},
En(f) = Enalf) _ <daE

s <
f:7g VEH() + &

holds, and, therefore, for all f € H, Ex(f) < Epa(f) + da/e/En(f) + &.
Take o = +/2/8 and f = f,. Since Erz2(fz) < 0 by definition of f;, we have

En(fa) = Ve/2vEn(f2) +e.

Solving the quadratic equation about /& (fz), we have Ex(fz) < €.
Finally, by the inequality [Ig1 — g2ll¢(z) < I(/1(x) — f2(x)) [(f1(x) — )+
(o) =W lg@) < 2M |Ifi — £2ll¢x), it follows that

G < (1. 28).

The desired inequality now follows by taking o = V2 /8. |

Remark 3.20 Note that to obtain Theorem 3.3, convexity was only used in the
proof of Lemma 3.16. But the inequality proved in this lemma may hold true
in other situations as well. A case that stands out is when f,, € H. In this case
fH = f, and the inequality in Lemma 3.16 is trivial.

3.5 References and additional remarks

The exposition in this chapter largely follows [39]. The derivation of
Theorem 3.3 deviates from that paper — hence the slightly different constants.
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The probability inequalities given in Section 3.1 are standard in the literature
on the law of large numbers or central limit theorems (e.g., [21, 103, 132]).

There is a vast literature on further extensions of the inequalities in Section 3.2
stated in terms of empirical covering numbers and other capacity measures [13,
71] (called concentration inequalities) that is outside the scope of this book.
‘We mention the McDiarmid inequality [83], the Talagrand inequality [126, 22],
and probability inequalities in Banach spaces [99].

The inequalities in Section 3.4 are improvements of those in the Vapnik—
Chervonenkis theory [135]. In particular, Lemmas 3.18 and 3.19 are a covering
number version of an inequality given by Anthony and Shawe-Taylor [8]. The
convexity of the hypothesis space plays a central role in improving the sample
error bounds, as in Theorem 3.3. This can be seen in [10, 12, 74].

A natural question about the sample error is whether upper bounds such as
those in Theorem 3.3 are tight. In this regard, lower bounds called minimax
rates of convergence can be obtained (see, e.g., [148]).

The ideas described in this chapter can be developed for a more general
class of learning algorithms known as empirical risk minimization (ERM) or
structural risk minimization algorithms [17, 60, 110]. We devote the remainder
of this section to briefly describe some aspects of this development.

The greater generality of ERM comes from the fact that algorithms in this
class minimize empirical errors with respect to a loss function ¥ : R — R.
The loss function measures how the sample value y approximates the function

value f (x) by evaluating ¥ (y — f (x)).

Definition 3.21 We say that ¥y : R — R is a regression loss function if it is
even, convex, and continuous and ¥ (0) = 0.

For (x,y) € Z, the value ¥ (y —f (x)) is the local error suffered from the use of
f as amodel for the process producing y at x. The condition ¥r(0) = 0 ensures
a zero error when y = f (x). Examples of regression loss functions include the
least squares loss and Vapnik’s e-insensitive norm.

Example 3.22 The least squares loss corresponds to the loss function 1 (¢) =
2. For € > 0, the e-insensitive norm is the loss function defined by

[t] —e if |t] > €
0 otherwise.

V() =ve) = {



3.5 References and additional remarks 51

Given a regression loss function ¥ one defines its associated generalization
error by

£V (f) = fzw —F ) dp

and, given z € Z™ as well, its associated empirical error by
1 m
&= 21 ¥ i —f ().
i=

As in our development, given a hypothesis class H, these errors allow one to
define a target function f;, and empirical target function fzw and to derive a
decomposition bounding the excess generalization error

e -ergp = {erah - uh el s - er il
(3.6)

The second term on the right-hand side of (3.6) converges to zero, with
high probability when m — oo, and its convergence rate can be estimated by
standard probability inequalities.

The first term on the right-hand side of (3.6) is more involved. If one writes
&) = Vo —f ). then &V (£~ &L (£) = [, &a@dp— £ Y1 4.
But &, is not a single random variable; it depends on the sample z. Therefore,
the usual law of large numbers does not guarantee the convergence of this first
term. One major goal of classical statistical learning theory [134] is to estimate
this error term (i.e., ¥ (leﬂ) — é'f ( leﬂ))_ The collection of ideas and techniques
used to get such estimates, known as the theory of uniform convergence, plays
the role of a uniform law of large numbers. To see why, consider the quantity

sup 1) (f) = EV ()], 3.7)
feH

which bounds the first term on the right-hand side of (3.6), hence providing
(together with bounds for the second term) an estimate for the sample error
EV( fzw )—EV( f;{” ). The theory of uniform convergence studies the convergence
of this quantity. It characterizes those function sets H such that the quantity (3.7)
tends to zero in probability as m — oo.
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Definition 3.23 We say that a set 7 of real-valued functions on a metric space
X is uniform Glivenko—Cantelli (UGC) if for every € > 0,

1 m
=Y fl) - / f() du
i X

where the supremum is taken with respect to all Borel probability distributions
uon X, and Prob denotes the probability with respect to the samples x1,x2, . . .
independently drawn according to such a distribution p.

lim sup Prob{ sup sup > 6} =0,

=400 p m>LfeH

The UGC property can be characterized by the V,, dimensions of H, as has
been done in [5].

Definition 3.24 Let H be a set of functions from X to [0, 1] and y > 0. We say
that A C X is V,, shattered by H if there is a number o € R with the following
property: for every subset E of A there exists some function fg € H such that
JE(x) <a—yforeveryx € A\E,and fg(x) > a +y forevery x € E. The V,,
dimension of H, V), (H), is the maximal cardinality of a set A C X thatis V),
shattered by H.

The concept of V,, dimension is related to many other quantities involving
capacity of function sets studied in approximation theory or functional analysis:
covering numbers, entropy numbers, VC dimensions, packing numbers, metric
entropy, and others.

The following characterization of the UGC property is given in [5].

Theorem 3.25 Let H be a set of functions from X to [0, 1]. Then H is UGC if
and only if the V,, dimension of 'H is finite for every y > 0.

Theorem 3.25 may be used to verify the convergence of ERM schemes when
the hypothesis space H is a noncompact UGC set such as the union of unit balls
of reproducing kernel Hilbert spaces associated with a set of Mercer kernels. In
particular, for the Gaussian kernels with flexible variances, the UGC property
holds [150].

Many fundamental problems about the UGC property remain to be solved.
As an example, consider the empirical covering numbers.

Definition 3.26 For x = (x;)/L, € X" and H C €(X), the £*°-empirical
covering number Noo(H, X, 1) is the covering number of H|y := {(f )L,
f € H} as a subset of R” with the following metric. For f, g € % (X) we take
dx(f,g) = maX;<p |f (x;) — g(x;)|. The metric entropy of 'H is defined as

H,(H,n) = sup log Noo(H,x,17), meN,np>0.

xeXxm
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Itis known [46] that a set H of functions from X to [0, 1]is UGC if and only if,
for every n > 0, lim,,,—, oo H; (H, 1)/m = 0. In this case, one has H,,(H,n) =
(’)(log2 m) for every n > 0. It is conjectured in [5] that H,,(H,n) = O(logm)
is true for every n > 0. A weak form is, Is it true that for some « € [1,2), every
UGC set 'H satisfies

H,,(H,n) = O(og“m), Vn>0?



4

Polynomial decay of the approximation error

We continue to assume that X is a compact metric space (which may be a
compact subset of R"). Let K be a Mercer kernel on X and Hg be its induced
RKHS. We observed in Section 2.6 that the space Hx g = Ix(Bg) may be
considered as a hypothesis space. Here Ix denotes the inclusion Ix : Hx <>
% (X). When R increases the quantity

(o R) fel7r-ll1<,R ) (o) ”fln If fp”f/gx

k<R

(which coincides with the approximation error modulo og) decreases. The main
result in this chapter characterizes the measures p and kernels K for which this
decay is polynomial, that is, A(f,,R) = O(R_e) with 0 > 0.

Theorem 4.1 Suppose p is a Borel probability measure on Z. Let K be a Mercer
kernel on X and L - ‘$p2x — gpzx be the operator given by

Lif () = /XK(x, Df(dpx (@), xeX.

Let0 > 0. Iff, € Range(Li/ (4+29)), that is, f, = Lz/ (4+29)(g) for some g €

fpzx, then A(f,,R) < 22+9||g||52;219 R~Y. Conversely, if px is nondegenerate
[5%

and A(f,,R) < CR=Y for some constants C and 6, then fp lies in the range of
L%/(4+29)—5 forall e > 0.

Although Theorem 4.1 may be applied to spline kernels (see Section 4.6),
we show in Theorem 6.2 that for ¥ kernels (e.g., the Gaussian kernel) and
under some conditions on py, the approximation error decay cannot reach the
order A(f,,R) = ORY) unless fp is € itself. Instead, also in Chapter 6,
we derive logarithmic orders like A(f,, R) = O((log R)~?) for analytic kernels
and Sobolev smooth regression functions.

54
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4.1 Reminders II1

We recall some basic facts about Hilbert spaces.
A sequence {¢,},>1 in a Hilbert space H is said to be a complete orthonormal
system (or an orthonormal basis) if the following conditions hold:

@) foralln #m > 1, (¢n, om) = 0,
@ii) foralln > 1, ||¢,]l = 1, and

(iii) forallf € H,f = 322/ (f, dn)Pn.

A sequence satisfying (i) and (ii) only is said to be an orthonormal system. The
numbers (f, ¢,) are the Fourier coefficients of f in the basis {¢,},>1. It is easy
to see that these coefficients are unique since, if f = > a,Pn, an = (f, ¢n) for
alln > 1.

Theorem 4.2 (Parseval’s theorem) If {¢,} is an orthonormal system of a
Hilbert space H, then, forall f € H, Zn(f,qbn)z < \fII>. Equality holds for
all f € H if and only if {¢,} is complete. |

We defined compactness of an operator in Section 2.3. We next recall
some other basic properties of linear operators and a main result for operators
satisfying them.

Definition 4.3 A linear operator L: H — H on a Hilbert space H is said to
be self-adjoint if, for all f,g € H, (Lf,g) = (f,Lg). It is said to be positive
(respectively strictly positive) if it is self-adjoint and, for all nontrivial f € H,
(Lf.f) = 0 (respectively (Lf,f) > 0).

Theorem 4.4 (Spectral theorem) Let L be a compact self-adjoint linear
operator on a Hilbert space H. Then there exists in H an orthonormal
basis {p1,¢2,...} consisting of eigenvectors of L. If Ay is the eigenvalue
corresponding to @y, then either the set {A;} is finite or Ay — 0 when k — oo.
In addition, maxy>1 |Ax| = ||L||. If, in addition, L is positive, then Ay > 0 for
all k > 1, and if L is strictly positive, then A, > 0 for all k > 1. |

We close this section by defining the power of a self-adjoint, positive,

compact, linear operator. If L is such an operator and # > 0, then L? is the
operator defined by

L’ (Z Ck¢>k) = chkz@c-
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4.2 Operators defined by a kernel

In the remainder of this chapter we consider v, a finite Borel measure on X, and
fvz (X), the Hilbert space of square integrable functions on X . Note that v can
be any Borel measure. Significant particular cases are the Lebesgue measure p
and the marginal measure px of Chapter 1.

Let K:X x X — R be a continuous function. Then the linear map

Lx: L2(X) - €(X)

given by the following integral transform
Lef)e) = [ Keoro v, xex,

is well defined. Composition with the inclusion (X ) — 92””2 (X)yields alinear
operator Lg :.,2”])2 X) — 92””2()( ), which, abusing notation, we also denote by
Lg.

The function K is said to be the kernel of Lk, and several properties of Lg
follow from properties of K. Recall the definitions of Cx and K, introduced in
Section 2.4.

Proposition 4.5 If K is continuous, then Lk : ,,2”]}2 (X) = €(X) is well defined
and compact. In addition, ||Lx| < +/v(X )C%(. Here v(X) denotes the measure
of X.

Proof. To see that Lk is well defined, we need to show that Lk is continuous
forevery f € fvz (X). To do so, we consider f € ,,2”‘)2()() and x1,xp € X. Then

|(Lxf)(x1) — Lxf)(x2)| = V(K(xm) — K2, 0)f (1) dv(0)

= 1Ky, — K Il 2200) If .22
(by Cauchy—Schwarz)

< v {%x K (1, 1) — K(xz,m} I 1l z2x)-
“.1)

Since K is continuous and X is compact, K is uniformly continuous. This
implies the continuity of Lgf .



4.2 Operators defined by a kernel 57

The assertion || Lg || < ~/v(X )C%< follows from the inequality
I[(Lxf)(0)] = v v(X) Su)I() 1K e D N z2x)
te

which is proved as above.

Finally, to see that Lk is compact, let (f;;) be a bounded sequence in ,,vaz X).
Since |Lgxflloe < +VX)C% If Il #2x)> We have that (Lgf,) is uniformly
bounded. By (4.1) we have that the sequence (Lkf,) is equicontinuous. By the
Arzeld—Ascoli theorem (Theorem 2.4), (Lgf;) contains a uniformly convergent
subsequence. |

Two more important properties of Lx follow from properties of K. Recall
that we say K is positive semidefinite if, for all finite sets {x{,...,x;} C X, the
k x k matrix K[x] whose (i, ) entry is K (x;, xj) is positive semidefinite.

Proposition 4.6
() IfK is symmetric, then Lg : L>(X) — Z>(X) is self-adjoint.
(i) 1f, in addition, K is positive semidefinite, then Lk is positive.

Proof. Part (i) follows easily from Fubini’s theorem and the symmetry of K.
For Part (ii), just note that

(v(X))2

> K (i x)f (f ()

ij=1

[/K(x,t)f(x)f(t) dv(x) dv(t) = lim
X Jx k—00

. <v(X>>2
= l1im

k— o0

FEK X

where, for all k > 1, x1,...,x; € X is a set of points conveniently chosen
and fx = (f(x1),....f (x)T. Since K[x] is positive semidefinite the result
follows. u

Theorem 4.7 Let K:X x X — R be a Mercer kernel. There exists an
orthonormal basis {¢1, P2, ...} of‘iﬂv2 (X) consisting of eigenfunctions of L.
If Ly, is the eigenvalue corresponding to ¢y, then either the set {1} is finite or
A = O when k — oo. In addition, Ay > 0 for all k > 1, maxy>1 Ax = ||Lk],
and if M # 0O, then ¢y can be chosen to be continuous on X .

Proof. By Propositions 4.5 and 4.6 Lg : Z2(X) — Z2(X) is a self-adjoint,
positive, compact operator. Theorem 4.4 yields all the statements except the
continuity of the ¢y.
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To prove this last fact, use the fact that ¢y = (1/A;)/Lx (¢) in 31)2 (X). Then
we can choose the eigenfunction to be (1/1x)Lg (¢x), which is a continuous
function. |

In what follows we fix a Mercer kernel K and let {¢ € .,2”])2 (X)} be an
orthonormal basis of ff (X) consisting of eigenfunctions of Lx. We call the
¢k orthonormal eigenfunctions. Denote by Ay, k > 1, the eigenvalue of Lk
corresponding to ¢ . If 1 > 0, the function ¢y, is continuous. In addition, it lies
in the RKHS Hg. This is so since

1 1
b)) = — Lk ($) () = — /K(x, D@ (t) dv (D),
k k

and, thus, ¢y can be approximated by elements in the span of {K, | x € X}.
Theorem 2.9 then shows that ¢, € Hg. In fact,

1 1
el = H— / Koy dv(n)| = — / 1Kk (O] dv ()
A Jx kM Jx
Ck

We shall assume, without loss of generality, that A > A4 forall & > 1.
Using the eigenfunctions {¢y}, we can find an orthonormal system of the
RKHS Hk.

Theorem 4.8 Let v be a Borel measure on X, and K:Xx X — R a
Mercer kernel. Let Ay be the kth eigenvalue of Lk, and ¢y the corresponding
orthonormal eigenfunction. Then {/Ay ¢y :dx > O} forms an orthonormal
system in Hg.

Proof. We apply the reproducing property stated in Theorem 2.9. Assume
AisAj > 0; we have

1
(Vaidi, /A k =<T7 / K(~,y)¢,»<y)dv(y),ﬂj¢,->
i JX K
)\’.
= %fxfﬁi()’)(lfv,d)jh( dv(y)
Jh Jh
= Trj /X $i () () dv(y) = ﬁ<¢i,¢,>gg(x> = 5.

i

It follows that {/Ar ¢y : A > 0} forms an orthonormal system in Hg. |
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Remark 4.9 When v is nondegenerate, one can easily see from the definition
of the integral operator that Lg has no eigenvalue O if and only if Hy is dense
in £2(X).

In fact, the orthonormal system above forms an orthonormal basis of Hg
when py is nondegenerate. This will be proved in Section 4.4. Toward this end,
we next prove Mercer’s theorem.

4.3 Mercer’s theorem

Iff e .i”vz(X) and {¢1,¢7,...} is an orthonormal basis of fUZ(X), f can
be uniquely written as f = ) .., ax¢x, and, when the basis has infinitely
many functions, the partial sums ley:l ay ¢y converge to f in .,2”])2 (X). If this
convergence also holds in (X ), we say that the series converges uniformlytof .
Also, we say that a series Y ax converges absolutely if the series Y |ay| is
convergent.

When Lk has only finitely many positive eigenvalues {A¢}7L;, K(x,7) =

S0 haebr ()i ().

Theorem4.10 Letv be a Borel, nondegenerate measureon X, andK : X xX —
R a Mercer kernel. Let A be the kth positive eigenvalue of Lk, and ¢y the
corresponding continuous orthonormal eigenfunction. For all x,t € X,

K@ty =Y hae ()i (),

k>1

where the convergence is absolute (for each x,t € X x X) and uniform
(onX x X).

Proof. By Theorem 4.8, the sequence {s/Ax i }x>1 is an orthonormal system
of Hg. Let x € X. The Fourier coefficients of the function K, € Hg with
respect to this system are

(VM Kok = Ve (),

where Theorem 2.9(iii) is used. Then, by Parseval’s theorem, we know that

Y IV =D Ml ) < 1K = K(x,x) < Ck.

k=1 k=1

Hence the series Zkz 1 Mkl (x) | converges. This is true for each point x € X .
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Now we fix a point x € X. When the basis {¢y}x>1 has infinitely many
functions, the estimate above, together with the Cauchy—Schwarz inequality,
tells us that for each t € X,

m+¢ m+e V2 e 1/2
D i ()| < (Z Mk |¢k<t)|2> (Z xk|¢>k<x)|2>
k=m k=m k=m

1/2

m+4
<Ck (Z Ak|¢k(x)|2) :

k=m

which tends to zero uniformly (forz € X). Hence the series D .| Axdr (X)dx (1)
(as a function of t) converges absolutely and uniformly on X ‘to a continuous
function g,. On the other hand, as a function in ngz (X), K, can be expanded by
means of an orthonormal basis consisting of {¢;} and an orthonormal basis ¥
of the nullspace of Lg. For f € ¥,

(Kuof) 220x) = / K(x,y)f (n)dv =0.
X
Hence the expansion of K, is

Ko=) (Kot 20006 = ) Lk(@) @k = Y ()i

k>1 k>1 k>1

Thus, as functions in ,sz(X ), Ky = gx. Since v is nondegenerate, K, and
gx are equal on a dense subset of X. But both are continuous functions and,
therefore, must be equal for each r € X. It follows that for any x,7 € X, the
series ) ;.| Aok (X))@ (1) converges to K (x, ¢). Since the limit function K (x, 1)
is continuous, we know that the series must converge uniformlyon X xX. W

Corollary 4.11 The sum )_ ki is convergent and

D = f K(x,x) < v(X)C%.
X

k>1

Moreover, for allk > 1, Ay < v(X)C%(/k.

Proof. Taking x = ¢ in Theorem 4.10, we get K(x,x) = Zkzl A ().
Integrating on both sides of this equality gives

Zxk/ ¢k(x)2dv:/K(x,x)dv < v(X)Cz.
X X

k>1
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However, since {¢1, ¢2, ...} is an orthonormal basis, f ¢]% = 1forallk > 1
and the first statement follows. The second statement holds true because the
assumption Ax > A; for j > k tells us that kA; < 211;1 Aj < v(X)C%(. |

4.4 RKHSs revisited

In this section we show that the RKHS Hg has an orthonormal basis {/A; ¢}
derived from the integral operator Lx (and thus dependent on the measure v).

Theorem4.12 Letv be a Borel, nondegenerate measureon X, andK : X xX —
R a Mercer kernel. Let A be the kth positive eigenvalue of Lk, and ¢y the
corresponding continuous orthonormal eigenfunction. Then {/ r¢y : Ay > 0}
is an orthonormal basis of Hg.

Proof. By Theorem 4.8, {\/Ar¢y : Ax > 0} is an orthonormal system in Hg.
To prove the completeness we need only show that for each x € X, K, lies
in the closed span of this orthonormal system. Complete this system to form
an orthonormal basis {/Ar¢y : A > 0} U {¥j:j > O} of Hg. By Parseval’s
theorem,

Kl = Y (ke vVa), + 3 K vik
J

k

Therefore, to show that K, lies in the closed span of {/Ar¢y : Ax > 0}, it is
enough to require that

IK g =Y (Koo v i)

k

that is, that

K@x) =) Ko bk = D Mdr (0.
k k

Theorem 4.10 with x = ¢ yields this identity for each x € X. |

Since the RKHS H is independent of the measure v, it follows that when v is
nondegenerate and dim Hx = 0o, Lk has infinitely many positive eigenvalues
M k > 1, and

o
Hg == Zak\/ﬁcbk:{ak},‘iil el?t.
k=1
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When dim’Hg = m < oo, Lx has only m positive (repeated) eigenvalues.
In this case,

My = f=Zak¢rk¢k:<a],...,am>eRm}.
k=1

In both cases, the map

L LHX) - Hk
Zawk = Zak\/ Ak
defines an isomorphism of Hilbert spaces between the closed span of {¢y :

Ax > 0} in .ZUZ (X) and Hg. In addition, considered as an operator on .i”vz X),

L}(/ % is the square root of L; in the sense that Lx = L}(/z o L}(/Z (hence the

notation LII(/Z). This yields the following corollary.

Corollary 4.13 Let v be a Borel, nondegenerate measure on X, and K : X X
X — R a Mercer kernel. Then Hg = L}(/z(fvz(X)). That is, every function

f € Hg can be written as f = L}(/zg for some g € fvz(X) with |fllxk =
Igllz2x)- u

A different approach to the orthonormal basis {/Ax¢y} is to regard it as a
function on X with values in £2.

Theorem 4.14 The map
d:X — £
A (\/ﬁqsk(x))kz]
is well defined and continuous, and satisfies
K(x, 1) = (P (x), P(1)).

Proof. Foreveryx € X,byMercer’stheorem > _ ;. ¢]% (x) converges to K (x, x).
This shows that ®(x) € 22, Also by Mercer’s theorem, for every x,t € X,

K@, 0) =Y hpp()g(t) = (D(x), D))o

k=1



4.5 Characterizing the approximation error in RKHSs 63

It remains only to prove that ® : X — ¢2 is continuous. For any x,7 € X,

|®(x) — cI>(t)||§z = (P(x), D(x)) 2 + (D), D(1)) 2 — 2{D(x), P(2)) 2
=K(x,x) + K(t,t) — 2K (x,1),

which tends to zero when x tends to ¢ by the continuity of K. |

4.5 Characterizing the approximation error in RKHSs

In this section we prove Theorem 4.1. It actually follows from a more
general characterization of the decay of the approximation error given using
interpolation spaces.

Definition 4.15 Let (B, || - ||) and (H, || - [|7¢) be Banach spaces and assume H
is a subspace of B. The K-functional K : B x (0,00) — R of the pair (B, H) is
defined, fora € Band t > 0, by

K(a,1) = inf {lla = bll + 1lbli5¢}- 4.2)

It can easily be seen that for fixed a € B, the function K(a, ¢) of ¢ is continuous,
nondecreasing, and bounded by ||a|| (take b = 0 in (4.2)). When H is dense in
B, K(a, 1) tends to zero as ¢t — 0. The interpolation spaces for the pair (B, H)
are defined in terms of the convergence rate of this function.

For 0 < r < 1, the interpolation space (B, H), consists of all the elements
a € B such that the norm

lall; == sup {K(a,1)/1"}

>0
is finite.

Theorem 4.16 Let (B, || ||) be a Banach space, and (H, || ||1) a subspace, such
that ||b|| < Collbll for all b € H and a constant Cy > 0. Let 0 < r < 1. If
a € (B,H);, then, for all R > 0,

Ala,R) = inf {lla—b|*} < fall/""IR7>7070,
bl =R

Conversely, if A(a,R) < CR2r/(1=1) forall R > 0, then a € (B,’H), and
lall, <2CcU=n/2,
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Proof. Consider the function f (r) := K(a, t)/t. It is continuous on (0, 4+00).
Since K(a, 1) < |la||, inf;~o{f (1)} = 0.

Fix R > 0. If sup,_o{f (1)} > R, then, for any 0 < € < 1, there exists some
tre € (0, 400) such that

K(a9 tR,é) _

fltre) = =(1—¢€)R.
tR,E

By the definition of the K-functional, we can find b, € H such that

la — bell + trellbell < K(a,tre) /(1 — €).

It follows that

K(a, tre)
Ibellyy < ——5 =
(I —O)ire
and
K(a, tre)
la = bell < 1—6
—€

But the definition of the norm ||a|| implies that

K(a, tre)
—= < al,
tR,e
Therefore
/(- 1/(1=r)
o i < [ E@ied 170 K@ 17
a - — —
= a1- 6)Z‘R,e (1- 6)tlr€,e
—r/(1=r) 1 Hia=n 1/(1=r)
<R — (lall») .
1—¢€
Thus,

A@,R) = inf {lla= b} < a0 R2/00;
O0<e<l1

that is, the desired error estimate holds in this case.
Turn now to the case where sup,.{f (#)} < R. Then, for any 0 < ¢ <
1 —sup,.oif ()}/R and any ¢ > 0, there exists some b, € H such that

lla = brell + tlbrelln < Ka,0)/(1 —e).
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This implies that

Worellrg < @D o 1 i) <R
u u <

M= e = T—e b
and

Ka, 1)

la —biell < .

1—¢€

Hence

2
A@.R) < inf flla = biel?] < (inf {K(a,0} /(1 — e))
t>0 t>0

2
< (;gg{nanrr’}/(l —e)) = 0.

This again proves the desired error estimate. Hence the first statement of the
theorem holds.

Conversely, suppose that A(a,R) < CR™2/0=7) forall R > 0. Lett > 0.
Choose R; = (\/E /t)l”. Then, for any € > 0, we can find b; € H such that

lbrellze <R and la—byc|® < CR7Z77(1 4 €)%
It follows that

K(a,1) < lla = brell + tllbrelln < VCR ™71 +€)
+ 1R, <2(1 + €)CUI=1/24",

Since € can be arbitrarily small, we have
K(a,1) < 2¢1=072¢",

Thus, ||al|, = sup,- o {K(a,1)/t"} <2C177/2 < o0, [ ]

The proof shows that if a € H, then A(a,R) = 0 for R > |a||y. In
addtion, A(a,R) = OR~?/1=7)) if and only if a € (B, H),. A special case of
Theorem 4.16 characterizes the decay of A for RKHSs.

Corollary 4.17 Suppose p is a Borel probability measure on Z. Let 6 > 0. Then
A(fp.R) = OR™) if and only if f, € (Lo . Hg)o/2+6), where Hy is the

closed subspace of Hg spanned by the orthonormal system {/ i ¢y : L > 0}
given in Theorem 4.8 with the measure pyx.
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Proof. Take B = fgx and H = H} with the norm inherited from Hg. Then
16]] < /A1l|b||l3 for all b € H. The statement now follows from Theorem 4.16
taking r = 60/(2 + 0). [ |

Remark 4.18 When px is nondegenerate, H;; = Hg by Theorem 4.12.

Recall that the space Li (Z7(X)) is {3, _oaxrjdi:ar} € €%} with
the norm

172

> arign =D lal’

Ae>0 L;((XVZ(X)) Ae>0

Proof of Theorem 4.1 Take H;g as in Corollary 4.17 and r = 6/(2 + 0).
Iff, € Range(L}o(/ (4+29)), then f, = L;)(/ (4+26) g for some g € .,Z”pzx. Without
loss of generality, we may take g = >, _oax¢x. Then||g I1?> = 23>0 a,% < o0
and f) = Zxk >0 a Z/(4+20)¢
We show that fp € (& HK), Indeed, for every t < /A1, there exists
some N € N such that

PX’

ANt <12 < AN

Choose f = Zivzl akkz/ (4+20)¢k S H}'. We can see from Theorem 4.8 that

2N

—2/(2+6 —2/(2+06
=@ <O
K k=1

N
0/(4+20))—1/2
S AP/ [,

k=1

If 1% =

In addition,

2

0 4420 9 240 0 2 0
k>N ngX k>N
Let K be the K-functional for the pair (£, px , HK) Then

0/(4+20)

—1/2+6
K(fps1) < Ifp =l + 10 Ik < Y57 Nl + 1y g,
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By the choice of N, we have

K(fp, 1) < g2/ = 2 ]|1".

IA

IA

Since K(f,,1) < ”fP||$,3 )»q/2||g||, we can also see that for r > /A,
X

K(f,.1)/t" < ||g|l holds. Therefore, f, € (Z2, . Hy)r and |Ifpll, < 2lig|l. It
follows from Theorem 4.16 that

3 2/(1— — —
A(fp,R) < inf I _fp||2$2 < (2ligl) /(=1 p=2r/(1=r)
feHgIf Ik =R PX

Conversely, if px is nondegenerate and A(f,, R) < CR~? for some constant
C and all R > 0, then Theorem 4.12 states that H;(' = Hg. This, together
with Theorem 4.16 and the polynomial decay of A(f,, R), implies that f,, €
(L2 Hi)r and ||, ||, < 2C1H0,

Let m € N. There exists a function f,, € Hg such that

o —fullzz +27" Wl < 4C /@0 g—mr
Then

”fp _fm||$pzx S 4C1/(2+0)2—mr and ”,fm”K S 4C1/(2+0)2m(1—r)‘

Write f, = ) , ckpr and fr, = D b]((m)qbk. Then, forall0 < € < r,

2 (Ck — b(m))z
Z rc;kk =2 Z r72ke
)“k )‘k

2—2::15)% <2—2(m—1) 2—2r;15kk<272(m71)

s )

+2
=2
Ay

bl

272m§)\k <2—2(m—1)
which can be bounded by

21—',—2m(r—25) ”fp _fm||‘=2(/2 + 21+2(1—m)(l—r+26) ”fm”%{ < C2/(2+0)25—4m€
PX

4 CY/@+0)p5+2(1=r)+de(l=m)
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Therefore,
% 160
Z rf2e = 166—1C2/(2+9) < 0.
)\]{ <1 )\'k -
This means that f, € Range([g(/ @+20)—¢) .

4.6 An example

In this section we describe a simple example for the approximation error in
RKHSs.

Example 4.19 Let X = [—1,1], and let K be the spline kernel given in
Example 2.15, that is, K(x,y) = max{l — |x — y|/2,0}. We claim that Hg
is the Sobolev space H'(X) with the following equivalent inner product:

.8k =& i+ 3F D+ - (=D +g).  (43)

Assume now that py is the Lebesgue measure. For & > 0 and a function
fr e #?[—1, 1], we also claim that A(f,,R) = O(R™Y) if and only if Ilfp (x +
1) —fp(x)||$2[_1,1_t] = 0@/ +0),

To prove the first claim, note that we know from Example 2.15 that K is
a Mercer kernel. Also, K, € H'(X) for any x € X. To show that (4.3) is
the inner product in H, it is sufficient to prove that (f, K;)x = f (x) for any
f € H'(X) and x € X. To see this, note that K, = %X[—l,x) — %X(x,l] and
Ky (—1) + K, (1) = 1. Then,

X 1
vmwKz%/ﬁkwd—%/fﬂw@+%vvh+fa»=ﬂm

To prove the second claim, we use Theorem 4.16 with B = ¥ 2 (X)and H =
Hx = H'(X). Our conclusion follows from the following statement: for 0 <
r<landf € Z2K(f,t) = O@")ifand only if [[f (x+1) —f ()l 2(—1,1-1) =
o").

To verify the sufficiency of this statement, define the function f; : X — R by

1 1
.Mm=;£f@+m%-
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Taking norms of functions on the variable x, we can see that

1 [t 1!
If —fille2 = ”—/ fx+h) —f(X)th < —/ If (x + 1) — f ()|l 2 dh
t Jo 7 t Jo

1! C
5—/ Ch dh=——1"
t Jo r+1

and
1
Wil xy = H—(f(x+ 1) —f(x))H <cr
t o

Hence

K.0) = If = fil ez + tlfillgx) < (C/(r+ D) + O

Conversely, if K(f, 1) < Ct", then, for any g € H 1 (X), we have

Ifx+0—f@llge=1fx+1)—gx+n)+gkx+1)—g)
+8(x0) —f(D)l.2,

which can be bounded by

20f —gll.e2 + H/Otg’(x +h) thg2 =20f —glle2 + fol g x + )|l 2 dh
<2Ilf — gllp2 + tlglly -
Taking the infimum over g € H!(X), we see that
If G+ 1) —fF@)ll 2 < 2K(F.1) < 2C".

This proves the statement and, with it, the second claim.

4.7 References and additional remarks

For a proof of the spectral theorem for compact operators see, for example, [73]
and Section 4.10 of [40].

Mercer’s theorem was originally proved [85] for X = [0, 1] and v, the
Lebesgue measure. Proofs for this simple case can also be found in [63, 73].



70 4 Polynomial decay of the approximation error

Theorems 4.10 and 4.12 are for general nondegenerate measures v on acompact
space X . For an extension to a noncompact space X see [123].

The map @ in Theorem 4.14 is called the feature map in the literature on
learning theory [37, 107, 134]. More general characterizations for the decay of
the approximation error being of type O(¢(R)) with ¢ decreasing on (0, +00)
can be derived from the literature on approximation theory e.g., ([87, 94]) by
means of K-functionals and moduli of smoothness. For interpolation spaces
see [16].

RKHSs generated by general spline kernels are described in [137]. In the
proof of Example 4.19 we have used a standard technique in approximation
theory (see [78]). Here the function needs to be extended outside [—1, 1] for
defining f;, or the norm .#? should be taken on [—1, 1 — ¢]. For simplicity, we
have omitted this discussion.

The characterization of the approximation error described in Section 4.5 is
taken from [113].

Consider the approximation for the ERM scheme with a general loss function
Y in Section 3.5. The target function f;{# minimizes the generalization error £¥
over H. If we minimize instead over the set of all measurable functions we
obtain a version (w.r.t. ) of the regression function.

Definition 4.20 Given the regression loss function yr the ¥ -regression function
is given by

I (x)—argmm/ YO —0dpQilx), xeX.

The approximation error (w.r.t. yr) associated with the hypothesis space H is
defined as

ECAREAL =min&’ () = £ ().

Proposition 4.21 Let  be a regression loss function. If € > Qis the largest zero
of ¥ and |y| < M almost surely, then, forall x € X,fp¢ x)e[-M —e,M +€].

|
The approximation error can be estimated as follows [141].
Theorem 4.22 Assume |y —f (x)| < M and |y — fpw x)| < M almost surely.
(1) If ¥ is a regression loss function satisfying, for some 0 < s < 1,
1y —
[y (@) — ¥ ( )|:C<oo, @.4)

tre[—M . M] [t —1|*
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then

V() — eV () < c/ F ) — £ I dpx

3/2

< Clf =1 Wy <CIF £/ -

(i) If Y is €' on [—M , M| and its derivative satisfies (4.4), then

EV = = CF =1l = CIF =11

(iii) If " (u) > ¢ > O for everyu € [—M ,M], then

EN =GN Z 51 1) I u
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Estimating covering numbers

The bounds for the sample error described in Chapter 3 are in terms of, among
other quantities, some covering numbers. In this chapter, we provide estimates
for these covering numbers when we take a ball in an RKHS as a hypothesis
space. Our estimates are given in terms of the regularity of the kernel. As a
particular case, we obtain the following.

Theorem 5.1 Let X be a compact subset of R", and Diam(X) := max,yex
lx — vyl its diameter.

() IfK € €°(X x X) for some s > 0 and X has piecewise smooth boundary,
then there is C > 0 depending on X and s only such that

) 2n/s
In N (I (Bg), n) < C(Diam())" 1K |15y x) (;) ., VO <n <R/2.

(1) If K(x,y) = exp {—||x—y||2/02}f0r some o > 0, then, forall 0 < n <
R/2,

o2

. 2\ N+l n+1
lnN(IK(BR), r/) <n <32 + W) (ln g) .

If, moreover, X contains a cube in the sense that X 2O x* + [—%, %]" for
some x* € X and A > 0, then, forall0 < n <R/2,

R n/2
1HN(1K(BR), 77) > C1 <ln —) .
n
Here C) is a positive constant depending only on o and A.

72
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Part (i) of Theorem 5.1 follows from Theorem 5.5 and Lemma 5.6. It shows
how the covering number decreases as the index s of the Sobolev smooth kernel
increases. A case where the hypothesis of Part (ii) applies is that of the box spline
kernels described in Example 2.17. We show this is so in Proposition 5.25.

When the kernel is analytic, better than Sobolev smoothness for any index
s > 0, one can see from Part (i) that In A/ (IK (Bgr), n) decays at a rate faster than
(R/n)¢ for any € > 0. Hence one would expect a decay rate such as (ln (R/ n))s
for some s. This is exactly what Part (ii) of Theorem 5.1 shows for Gaussian
kernels. The lower bound stated in Part (ii) also tells us that the upper bound
is almost sharp. The proof for Part (ii) is given in Corollaries 5.14 and 5.24
together with Proposition 5.13, where an explicit formula for the constant Cy
can be found.

5.1 Reminders IV

To prove the main results of this chapter, we use some basic knowledge from
function spaces and approximation theory.

Approximation theory studies the approximation of functions by functions in
some “good” family — for example, polynomials, splines, wavelets, radial basis
functions, ridge functions. The quality of the approximation usually depends
on, in addition to the size of the approximating family, the regularity of the
approximated function. In this section, we describe some common measures of
regularity for functions.

(I) Consider functions on an arbitrary metric space (X,d). Let0 < s < 1. We
say that a continuous function f on X is Lipschitz-s when there exists a constant
C > 0 such that for all x,y € X,

If) —fO] = C@x, ).

We denote by Lip(s) the space of all Lipschitz-s functions with the norm

£ Itipes) := 1f Itipeoy + 1 g x)s
where | |Lip(s) 15 the seminorm

If &) —f I

£ lLip(s) == sup
W T ex (d(6 )

This is a Banach space. The regularity of a function f € Lip(s) is measured by
the index s. The bigger the index s, the higher the regularity of f.
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(II) When X is a subset of a Euclidean space R”, we can consider a more
general measure of regularity. This can be done by means of various orders of
divided differences.

Let X be aclosed subsetof R" andf : X — R. Forr e N,r € R*,andx € X
such that x,x 4+ ¢, ..., x 4+ rt € X, define the divided difference

Af() =) ( ]’ ) (=1 7f (e + j).

j=0

In particular, when r = 1, Atl f(x) =f(x+1t) —f(x). Divided differences can
be used to characterize various types of function spaces. Let

Xer=fxeX|x,x+1t,....x+rt X}

For 0 < s < rand 1 < p < oo, the generalized Lipschitz space
Lip*(s, ZP (X)) consists of functions f in .Z”(X) for which the seminorm

1/p
|f||_ip*(s,_§/ﬂp(x)) i= sup [[¢]|”* [/ [ALf ()P dx]
reR”

Xr,t

is finite. This is a Banach space with the norm

||f|||_ip*(s,gp(x)) = |f||_ip*(s,gp(x)) + 1f Lzrx)-

The space Lip*(s, € (X)) is defined in a similar way, taking

|f||_ip*(5,<g(x)) ‘= Sup ”tH_S sup |Atrf(x)|
teRn X€Xry

and
”f”Lip*(s,‘ﬁ(X)) = |f|Lip*(s,‘tf(X)) + ”f”(za”(X)'

Clearly, | fll . zra0y < BEDYPIS gz for all p < oo when X is
compact.

When X has piecewise smooth boundary, each function f € Lip*(s, ZP (X))
can be extended to R”. If we still denote this extension by f, then
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there exists a constant Cx,, depending on X,s, and p such that
for all f € Lip*(s, £7 (X)),

”f”Lip*(s,.i”I’(R")) <Cx sp”f”L,p (5,27 (X))

When p = oo, we write ”f”Lip*(s) instead of ||f|||_ip*(s’<g(x)). In this case, under
some mild regularity condition for X (e.g., when the boundary of X is piecewise
smooth), for s not an integer, s = ¢ + so with £ € N, and 0 < s9 < 1,
Lip*(s, € (X)) consists of continuous functions on X such that D*f € Lip(sp),
for any @ = (ay,...,0,) € N* with || < €. In particular, if X = [0, 1]" or
R, In this case, Lip*(s, € (X)) = €*(X) when s is not an integer, and €°(X) C
Lip*(s, € (X)) when s is an integer. Also, €' (X) C Lip(1) C Lip*(1, € (X)), the
last being known as the Zygmund class.

Again, the regularity of a function f € Lip*(s,.£”(X)) is measured by the
index s. The bigger the index s, the higher the regularity of f.
(III) When p = 2 and X = R”, it is also natural to measure the regularity
of functions in .Z2(R") by means of the Fourier transform. Let s > 0. The
fractional Sobolev space H*(R") consists of functions in .Z 2(R") such that the
following norm is finite:

=R 1/2
I sy = { /ﬂ; A+ ERP 1) ds} :

(2m)"
When s € N, H*(R") coincides with the Sobolev space defined in Section 2.3.
Note that for a function f € H*(R"), 1ts regularity s is tied to the decay of
f The larger s is, the faster the decay of f is. These subspaces of .#%(R") and
those described in (I) are related as follows. For any € > 0,

Lip*(s, L2 (R™) C H*(R") C Lip*(s — €, L%(R™M).

For any integerd < s —5,f € % (R™) and Ifllga < Callf|lgs. In particular,
if s > 7%, it follows by taking d = 0 that H*(R") € % (R"). Note that this is
the Sobolev embedding theorem mentioned in Section 2.3 for X = R". (These
facts can be easily shown using the inverse Fourier transform when s > n and
d <s—nWhenn>s > 35ands—n <d < s— 3, the proofs are more
involved.) Thus, if X € R" has piecewise smooth boundary and d < s — g,
each function f € Lip*(s, £%(X)) can be extended to a € function on R” and
there exists a constant Cy 44 such that for all f € Lip*(s, Z2(X)),

”f”"{d(]R") = CX s‘d”f”L,p (5. 22(X))" (51)
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5.2 Covering numbers for Sobolev smooth kernels

Recall that if E is a Banach space and R > 0, we denote
Br(E) ={x e E: |x|| <R}

If the space E is clear from the context, we simply write Bg.

Lemma 5.2 Let E C € (X) be a Banach space. For all n,R > 0,

N(BR,n)=N<Bl,I%>.

Proof. The proof follows from the fact that {B(f1,n),....B(fx,n)} is a
covering of Bg if and only if {B (fi/R,n/R),...,B (ft/R,n/R)} is a covering
of B;. |

It follows from Lemma 5.2 that it is enough to estimate covering numbers of
the unit ball. We start with balls in finite-dimensional spaces.

Theorem 5.3 Let E be a finite-dimensional Banach space, N = dim E, and
R>0.ForO<n<R,

N
NBron) < (%R + 1)

and, forn > R, N'(Bg,n) = 1.

Proof. Choose a basis {ej}]’.\/:1 of E. Define a norm | | on RV by

N
x| := ijej s x=(x1,...,xN)€RN.
J=1

Letn > 0.Suppose that N'(Bg, ) > ((2R/n)+ 1)V . Then Bg cannot be covered
by ((2R/n) + 1V balls with radius 1. Hence we can find elements £V, . .., £©
in Bg such that

2R\ Lo
0> (- + 1) and U ¢| JB(FOm), Vie(2....0).
n

i=1

Therefore, fori # j, || f© — fO| > n. _ .
Set f() = er\rlex;f)em € Bg and x\/) = (xij),._.,xl(vj)) € RY. Then, for

i # ),

|x(i) _x(j)l > 7.
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Also, |x(j)| <R.

Denote by B, the ball of radius » > 0 centered on the origin in (R", | |). Then
‘ n

{xm + 531} - BR+g,
=1

J

and the sets in this union are disjoint. Therefore, if © denotes the Lebesgue
measure on RV,

4

(Ul 351]) = o0 380 = ()

j=1 j=1

It follows that

and thereby

N N
g§<w> =(§+1) _
n/2 n

This is a contradiction. Therefore we must have, for all n > 0,

N
NBro) < (% + 1) .

If, in addition, n > R, then Br can be covered by the ball with radius
centered on the origin and hence N (Bg, ) = 1. |

The study of covering numbers is a standard topic in the field of function
spaces. The asymptotic behavior of the covering numbers for Sobolev spaces
is a well-known result. For example, the ball Bg(Lip*(s, ([0, 1]"))) in the
generalized Lipschitz space on [0, 1]" satisfies

n/s

n/s
c(g) slnN(BR(Lip*m,%([o,1]"))),n)sc;<;) . (52

where the positive constants Cy and C; depend only on s and n (i.e., they are
independent of R and 7).

We will not prove the bound (5.2) here in all its generality (references for a
proof can be found in Section 5.6). However, to give an idea of the methods
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involved in such a proof, we deal next with the special case 0 < s < 1 and
n = 1. Recall that in this case, Lip*(s, € ([0, 1])) = Lip(s). Since B (Lip(s)) C
B (% ([0, 1])), we have N/ (B (Lip(s)),n) = 1 forall n > 1.

Proposition 5.4 Let 0 < s < 1 and X = [0, 1]. Then, forall0 < n < 1,

1/ 1\ AN 1/
S (—) < In N (B (Lip(s)), ) < 4 (_> ,
8\ 2p 7

The restriction n < 7 is required only for the lower bound.

Proof. We first deal with the upper bound. Set ¢ = (1/4)!/%. Define x =
{xi = is}f: 1» Where d = L%J denotes the integer part of 1/¢. Then x is an e-net
of X = [0,1] (i.e., for all x € X, the distance from x to X is at most &). If
f € Bi(Lip(s)), then | fllgx) < 1and =1 < f(x;) < 1foralli=1,...,d.
Hence, (v; — 1)% <f(x) < vi% for some v; € J :={—m +1,...,m}, where
m is the smallest integer greater than % Forv = (v1,...,vg) € J¢ define

= {f € Bitipo) | = 1] =f() < vy fori=1,....d}.
Then B (Lip(s)) € UJ,cye Vu. Iff,g € V,, then, foreachi € {1,...,d},

max If () =g = |f (i) — gx)| + max Lf () — f (i)l

[x—x;

+ max g(x) — g(xi)]

[x—xi|<

=

— +2e° =
St =
Therefore, V,, has diameter at most 7 as a subset of ¢'(X). That is, {V,} ;4 is
an n-covering of By (Lip(s)). What is left is to count nonempty sets V.

If V), is nonempty, then V, contains some function f € Bj(Lip(s)). Since
—2 <f(xiy1) —vir15 <0and =% <f(x;) —v;3 <0, we have

n n n
5 <fxiv) —f () — (i1 — Vi)z <5
It follows that foreachi =1,...,d — 1,
n
[Vit1 — Vl|_ — = < |f i) — )| < |xiga _xz| <eé'

5=
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This yields [v;11—v;| < %({;‘S-I—g) = % andthenv;y; € {v;—1,v;,v;+1}. Since
v1 has 2m possible values, the number of nonempty V, is at most 2m - 391,
Therefore,

In N (By (Lip(s)),n) < In(2m - 3971
=In24+(d—-1)In3+Inm

1 2
<In2+-In3+1n <—+1>.
2 n

ButIn(1 +¢) <t forall r > 0, so we have

and hence

In V(B (Lip(s)), ) <In2+ (—) 1n3+2(—) §4<_) )
n n n

We now prove the lower bound. Set ¢ = (277)1/“ and x as above. For
i =1,...,d — 1, define f; to be the hat function of height g on the interval
[x;i — &,x; + €]; that is,

5 .

i if0<t<e
P

+ 5.t if—e<t<0

ift ¢ [—e,e].

fili +1) =

S v IS

Note that f; (x;) = 48;;.
For every nonempty subset / of {1,...,d — 1} we define

fie) =Y fix).

iel

If I} # I, there is some i € (I; \ I) U (I3 \ 1) and

i =l = iy () = fi Gl = 3.

It follows that A'(Bj (Lip(s)), n) is at least the number of nonempty subsets of
{1,...,d — 1} (i.e., 2471 — 1), provided that each f; lies in Bj (Lip(s)). Let us
prove that this is the case.
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Observe that f7 is piecewise linear on each [x;, x;+1] and its values on x; are
either 7 or 0. Hence | fillox) < 2 < % To evaluate the Lipschitz-s seminorm
of f; we take x,x +t € X with¢t > 0. If t > ¢, then

cn_!

s 2°

[f1Gx+1) — f1x)] - 20 frllzx)

s es

™

Ift <eandx; &€ (x,x+¢) foralli <d — 1, then fj is linear on [x, x 4 ¢] with
slope at most % and hence

[fiGx+1) — f1x)] - (n/2e)t M M aes 1
s - 2¢ 2¢ 4’

Ift <eandx; € (x,x+t) forsomei < d — 1, then

lfix+0 —fiol = 1fix+ 1) — fiGxe)| + 1fi (i) — fr(0)]

U Ui U
< g(x+t—x,-)+£(x,~—x)=gt

A

and hence

G+ —fi@l _nay _n 1
15 “2 —2 4

Thus, in all three cases, |fI|Lip(s) < %, and therefore || f; ||Lip(s) < 1. This shows

J1 € Bi(Lip(s)).
Finally, since n < ;11, we have ¢ < % and d > 2. It follows that

N(Bi(Lip(s)),m) = 2971 — 1 > 2472 > 2072672,
which implies

N 1 1 1/s 1 1 1/s
1 B (Li ,n)>=-In2| — —Ind4> - — . |
n N (B (Lip(s)),n) > 5 In (27’)> n4z2 (277)

Now we can give some upper bounds for the covering number of balls in
RKHSs. The bounds depend on the regularity of the Mercer kernel. When the
kernel K has Sobolev or generalized Lipschitz regularity, we can show that
the RKHS Hg can be embedded into a generalized Lipschitz space. Then an
estimate for the covering number follows.
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Theorem 5.5 Let X be a closed subset of R", and K : X x X — R be a Mercer
kernel. If s > 0 and K € Lip*(s, ¢ (X x X)), then Hg C Lip*(5,% (X)) and,
forallr e N, r > s,

”f”Lip*(s/Z) = \/ 2r+l ”K”Lip*(s)”f”K’ Vf € Hkg.

Proof. Lets <r e Nandf € Hk.Letx,tr € R"suchthatx,x+1,...,x+rt €
X . By Theorem 2.9(iii),

ALf () = Z( ; ) (=D (Kesjeof )y = <Z( ; ) (—1)r_ij+jtaf> :
Jj=0 K

Jj=0
It follows from the Cauchy—Schwarz inequality that

1/2

r

A< Ik | Y (j’) 17y (f) (~1" 7K (x4 jt.x + ir)
i=0

J=0
172

=7k (Y (]’) (1) ATy K (x+ jt, )
j=0

Here (0, 1) denotes the vector in R2" where the first n components are zero.
By hypothesis, K € Lip*“(s, 4 (X x X)). Hence

‘A&mK (10| < K g 1

This yields
. ) 1/2
IATF (] < If Ik )KL ] = 20K e I 72
j p(s) p ()
j=0
Therefore,

|f|Lip*(%) = /2 1K 1 f NIk

Combining this inequality with the fact (cf. Theorem 2.9) that

[flloo = VKool fllx



82 5 Estimating covering numbers

we conclude that f € Lip*(5, % (X)) and

1 gtz < /27 K g 1 -

The proof of the theorem is complete. |

Lemma 5.6 Letn e N, s >0, D > 1, and x* € R". If X C x* + D[0, 1]" and
X has piecewise smooth boundary then

N (Br(Lip*(s, €' (X)), n) < N By ;psr(Lip*(s, ([0, 11"))),1/2),

where Cx i is a constant depending only on X and s.

Proof. Forf € € ([0, 1]") define f* € € (x* 4+ D[0, 1]") by

x—x*
= (555).

D

Then f* € Lip*(s, €(x* + D[0,1]")) if and only if f € Lip*(s, € ([0, 1]")).
Moreover,

) *
DI g e oy = 1 Mg g censproary = W g qoarm):

Since X C x* 4+ D[0, 1]" and X has piecewise smooth boundary, there is a
constant Cx s depending only on X and s such that

Br(Lip*(s, 4’ (X)) S {f*Ix | f* € Bey,r(Lip*(s, € (x" + D[0,1])))}
S{f"Ix | f € Bey,pr(Lip*(s, € (10, 1))}

Let {f1,...,fy} be an g-net of Bey ,psr(Lip*(s, ([0, 1]"))) and N its cover-
ing number. For each j=1,...,N take a function gjfklx € Br(Lip*(s, (X)))
with g; € Bey ,psr(Lip*(s, €'([0,1]"))) and ||g; —Jj-|||_ip*(s’%([o’1]n)) < 1ifit
exists. Then {g;‘|x | j=1,...,N} provides an n-net of Br(Lip*(s, € (X))):
each f € Bgr(Lip*(s,%(X))) can be written as the restriction g*|x to X of
some function g € Bcy psr(Lip*(s, € ([0,1]"))), so there is some j such that
g = fill gz 0.7y = 4. This implies that

* * *
I = & Ix gy = 187 = & lup*oig e proarm)
< llg = gillig sz oy =M

This proves the statement. ]
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Proof of Theorem 5.1(i) Recall that €*(X) C Lip*(s, (X)) for any s > 0.
Then, by Theorem 5.5 with s < r < s + 1, the assumption K € €*(X x X)

implies that Ix (Br) € B 2S+2”K”Lip*(x)R(Llp (s/2,%(X))). This, together with
(5.2) and Lemma 5.6 with D > Diam(X ), shows Theorem 5.1(i). |

When s is not an integer, and the boundary of X is piecewise smooth,
€*(X) = Lip*(s, €(X)). As a corollary of Theorem 5.5, we have the following.

Proposition 5.7 Let X be a closed subset of R" with piecewise smooth
boundary, and K : X x X — R a Mercer kernel. If s > 0 is not an even integer
and K € €5 (X x X), then Hg C €*/*(X) and

1f g < /2 K g I e Y € Ha m

Theorem 5.5 and the upper bound in (5.2) yield upper-bound estimates for the
covering numbers of RKHSs when the Mercer kernel has Sobolev regularity.

Theorem 5.8 Let X be a closed subset of R" with piecewise smooth boundary,
and K:X xX — R a Mercer kernel. Let s> 0 such that K belongs to
Lip*(s, € (X x X)). Then, forall0 < n <R,

2n/s
In N (Ixk(Bg),n) < C (;) >

where C is a constant independent of R and n. |

It is natural to expect covering numbers to have smaller upper bounds when
the kernel is analytic, a regularity stronger than Sobolev smoothness. Proving
this is our next step.

5.3 Covering numbers for analytic kernels

In this section we continue our discussion of the covering numbers of balls
of RKHSs and provide better estimates for analytic kernels. We consider a
convolution kernel K given by K (x,t) = k(x — t), where k is an even function
in Z2(R") and 75(5) > 0 almost everywhere on R”. Let X = [0, 1]". Then K
is a Mercer kernel on X. Our purpose here is to bound the covering number
N (Ix (Br),n) when k is analytic.

We will use the Lagrange interpolation polynomials. Denote by I (R)
the space of real polynomials in one variable of degree at most s. Let
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to,...,t; € R be different. We say that w;; € TI;(R), [ = 0,...,s, are the
Lagrange interpolation polynomials with interpolating points {fg, . . . , #;} when
Y i_owis(t) =1and

Wwis(tm) =81, L,m e {0,1,...,s)}.

It is easy to check that

t—1t

wis@ =[] !
. =1
JE{0.1,....sH\ {1}

satisfy these conditions.
We consider the set of interpolating points {0
functions {wys(1)};_, defined by

12

P 1} and univariate

s

W)=Y st(st — 1) - .j.'(st —j+D < Jl ) 1y, (5.3)

j=l
Since
> ( . ) (~)i2 = = 1),
1=0
the following functions of the variable z are equal:

N

$ D) (st—F+1 .
Sy =3 AN I D i s
=0

!
=0 I

In particular, ) ;_, w;(¢) = 1. In addition, it can be easily checked that
m
Wi (—) = 81 Lmef{0,1,....s). (5.5)
S

This means that the w;, are the Lagrange interpolation polynomials, and
hence

t—j/s st —j
wsty =[] —F= I -
}I/S—J/S

[ —
Jje{0,1,....s}\{! Jje{0,1,....s}\ {7} J



5.3 Covering numbers for analytic kernels 85

The norm of these polynomials (as elements in % ([0, 1])) can be estimated as
follows:

Lemma 5.9 Lets e N,l € {0,1,...,s}. Then, forallt € [0, 1],

i (0] 5s< ; )

Proof. Letm e {0,1,...,s —1}and st € (m,m+ 1). Thenfor ! € {0, 1,...,
m— 1},

TTi=o(st =D Ty 5t = ) Tl (57 = )
(s = D)!

- (m+ D!(s —m)! <s< s )
=S si—piues—n =\

wis (O] =

Whenl e {m+1,...,s},

[T (st =) Tt (5t = ) TTimrsr G2 =)

w1 = G — D)
m—+ D!(s — m)! s
The case / = m can be dealt with in the same way. |
We now turn to the multivariate case. Denote Xy := {0,1,...,N}". The

multivariate polynomials {wy v (x)}ecx, are defined as

n
wan @) = [ [Wen (), x= (1) e = (@1,....00).  (5.6)
j=1

We use the polynomials in (5.6) as a family of multivariate polynomials, not
as interpolation polynomials any more. For these polynomials, we have the
following result.

Lemma 5.10 Letx € [0,1]" and N € N. Then

D wan )] < N2V (5.7)

aeXy
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1 1
and, for 6 € =5, 51"

e—i@-NX _ Z Wa’N(x)e_ie.a

aeXy

1 n—1 N
< n(l + 2—N> <1?fl§n |9j|) (5-8)

holds.

Proof. The bound (5.7) follows directly from Lemma 5.9.

To derive the second bound (5.8), we first consider the univariate case. Let
t € [0, 1]. Then the univariate function 7V is analytic on the region |z — 1| < %
On this region,

o .
Nt(Nt —1)--- (Nt —j+1 ;
M=U+e-V=)" W=D ,'( 12Dy,
-0 J:
J
It follows that for n € [—%, %] andz = e,
N Nt (NE—1) - (Nt —j+ 1)
—in-Nt _ ) — —in _ 1\J
‘e Z I (e 1)
j=0
o .
Nt(Nt—1)--- (Nt —j+ 1|
<> 7 il < 1.
j=N+1
This, together with (5.4) for z = e~ implies
N N ;
: Nt(Nt — 1) --- (Nt — 1 : ;
ZWI,N(f)e_m'l = Z ( ) .;( s )(e—m -1
1=0 j=0 J:
<l <14 (5.9)
= = N
and
N
’e—”"N’ =Y win@e M < V. (5.10)

=0

Now we can derive the bound in the multivariate case. Let 6 €

—1,11". Then e = [Th_, e~ Non_ We approximate e~V by
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ngzo Wey N (Xm)e 0% for m = 1,2,...,n. We have
n

5 ﬁj e_igs.ms}

m=1

e—iG‘Nx _ Z Wa’N(x)e—ie‘Ol

aeXy

n

N N
X e*lem-Nxm _ Z Wam,N (xm)eflgm‘am l_[ Z W(XS,N (xs)efles«ax

o, =0 s=m+1 | ay=0

Applying (5.9) to the last term and (5.10) to the middle term, we see that this
expression can be bounded by

n N 1 n—m l n—1 N
S (mas o) (1+50)  =n(14g0) (i)

m=1
Thus, bound (5.8) holds. |

We can now state estimates on the covering number N (Ix(Bg),n) for a
convolution-type kernel K (x,¢) = k(x — ). The following function measures
the regularity of the kernel function k:

™. 3<1+ ] >2n2(2 . / E@)(@n)% B
=n N T X N
k N 1<j<n E€[-N/2,N /2] N

2
+ <1 +(N2N)”) (2n)*”[ k(&) dE.
EI—N /2N /2]

The domain of this function is split into two parts. In the first part, £ €
[N /2, N/2]", and therefore, for j=1,...,n, (|$j|/N)N <27N: hence this
first part decays exponentially quickly as N becomes large. In the second part,
& & [-N/2, N/2]", and therefore & is large when N is large. The decay of 3
(which is equivalent to the regularity of k; see Part (III) in Section 5.1) yields
the fast decay of Yy on this second part. For more details and examples of
bounding Y (N) by means of the decay of * (or, equivalently, the regularity
of k), see Corollaries 5.12 and 5.16.

Theorem 5.11 Assume that k is an even function in £*(R") and /k\(é‘ )>0
almost everywhere on R". Let K(x,t) = k(x — t) for x,t € [0, 1]". Suppose
limy— o Tk(N) = 0. Then, for0 < n < %,

InN (Ix(Bgr),n) < (N + 1" ln(&/k(O)(N + 1)"/2(N2N)"§> (5.11)
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holds, where N is any integer satisfying

Ti(N) < (%)2. (5.12)

Proof. By Proposition 2.14, K is a Mercer kernel on R". Let f € Bg.
Then, by reproducing that property of K, f(x) = (f,K,)x. Recall that
Xy ={0,1,...,N}". Forx € [0, 11", we have

FO =Y f(5) wen )| = <f,l<x— > wa,N(x)K;;>
K

aeXy aeXy

< Ifllx {Qn (0} '/2,

where {Qn (x)}!/2 is the Hx-norm of the function K, — ZanN Wa N () Ky/N.
It is explicitly given by

ON () = k(0) =2 Y wan Ok (x = 1)

aeXy

+ > waw @k (%) Wwaw (). (5.13)

a,BeXy

By the evenness of k and the inverse Fourier transform,
k=) = @0 / k(©es %) ag,
N Rn

we obtain

2
d§

On @) = @2m)™" ./Rn/k\(é)‘l - Z We (1) eSO )

aeXy

£ £ 2
e InNr Z WaN(X)e "N dE.

aeXy

=Qmn)™" f [1G)
Rn

Now we separate this integral into two parts, one with & € [— %, %]" and the
other with & ¢& [— %, %]". For the first region, (5.8) in Lemma 5.10 with 6 = 1%
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2
d§

tells us that
£
/ lN -Nx __ Z WQ’N(x)eszu
Ee[-N/2.N /2] weXy

: Gl ) .
=" (1 * 2N> Z /e[ N/2N/2]" ( -

1<j<n

For the second region, we apply (5.7) in Lemma 5.10 and obtain

2
/ 3 wawe e de
EE[-N/2,N/2]" aeXy
< (1 + V2V / R dk.
EE[-N/2,N /2"

Combining the two cases above, we have

1 2n—2 . |§/|
Ov() <1+ N max 1 (27) k(E) d§
2 I<j<n E€[—N/2.N /2]

(1 + (N2N)ym)?

k() dE = Tp(N).
2y '/S P (&) dé «(N)

Hence

sup {k(0)—2 Z Wwa N (X)k (x — %)

x€[0,1]” aeXy

+ ) wan Gk <“N;ﬂ> wen() b < TN).  (5.14)

a,BeXy

Since N satisfies (5.12), we have

FO =Y f(5)ven®| =3

aeXy €X)
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Also, by the reproducing property, |f(5)l = [f.Kaon)kl =< Iflx
JVK(@/N,a/N) < RJk(0). Hence

I Gl

Here ¢2(Xy) is the ¢2 space of sequences {x(«)}qyex, indexed by Xy.

Apply Theorem 5.3 to the ball of radius r := RJk(0)(N + 1)"/? in the
finite-dimensional space 2(Xy) and € = 5/(2(N2V)"). Then there are {¢! :
[ =1,....,[2r/e + D*N]} c £2(Xy) such that for any d € ¢>(Xy) with
||d||£2(X y < r, we can find some / satisfying

< RVkO)(N + 1)"2,

£2(Xw)

!
ld —c'llepy) <€

This, together with Lemma 5.10, yields

D dgwan (x) = Y clwan @) < lld = Mlewixy)

aeXy aeXy EX)
D Wy ()] < N2M)'e < /2.
aeXy (g(X)

Here £*°(Xy) is the £°° space of sequences {x(c)}qex, indexed by Xy that
satisfies the relationship [lc[lexy) < llcllp2(x,) forall c € L°(XN).

Thus, with d = {f ()}, we see that || f (x) — Y yex, ChWan @) [z x) can
be bounded by

F@ = 3 f (57) wan @

O{GXN CK(X)

D dawan @) = Y clwan () <.

aeXy aeXy FX)

We have covered Ik (Bg) by balls with centers )
n. Therefore,

aeXy € Wa ~ (x) and radius

#X
NIk (Br),n) < (% + 1) "
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That is,

In N Uk (Br),n) < (N +1)" 1“@ * 1)

The proof of Theorem 5.11 is complete. |

To see how to handle the function Yy (N) measuring the regularity of the
kernel, and then to estimate the covering number, we turn to the example of
Gaussian kernels.

Corollary 5.12 Leto > 0, X = [0,1]", and K(x,y) = k(x — y) with

2
k(x):exp{—@}, x e R".
o
Then,for0<17<§,
R  54n " R 90n?
InN (IgBgr),n) < |3In—+—+6) |((6n+1)In—+— +11n+3
n o o? n o o?

(5.15)

holds. In particular, when 0 < n < Rexp{—(90n2/62) — 11n — 3}, we have

n+l1
In N (Ix(Br),n) < 4"(6n+2) (ln —) . (5.16)
n
Proof. It is well known that
k() = (o/m)e 0 IEIPA, (5.17)

Hence 75(5) > 0 for any £ € R".
Let us estimate the function Y. For the first part, with 1 <j < n, we have

(271)*1/ ome 0 dg, < 1
Ee[~N/2.N /2]
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when £ # j. Hence

2N
@m)™" / (aﬁ)"e—vznfw('if') de
§€[-N/2,N/2]" N

N/2 N\ 2N
Eaﬁ / e_gzlgjm(lé,l) a5,

2 J-np

N
(@) T+

If we apply Stirling’s formula, this expression can be bounded by

2N N+(1/2) N
2 N + 1 1 o1/6RN+D) 2 _
oN 2e VIN +1 ~ \o%eN

As for the second term of Y}, we have

e | (o /m)e o I/ g
E¢[-N/2,N/2]"

=

n
o/ oGP/ g
2 = Jger-nian 2

o [ e~ @7 /D@ =1/2) )~ D(1/D) g4y

=
T N/2
< Ee—azN(N—l)/mie—azN/m
Jr o2
_ Sn e_(o.2/16)N2
oT

If we combine these two estimates, the function Y}, satisfies

Wy =14 ) T (22 B e o
- 2N o2eN o )

Notice that when N > n + 3,

and

(1 + (NzN)n)z S 21—2n+4Nn.
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It follows that

N 2—n
) + n4 e—(02/16)N2+4nN In2

Tk(N)§n3e< o7

o2eN
Choose N > 80n1n 2/02. Then

Te(N) < n’e 1 N+ 4y
- 16enn?2 oI

< ! N+ 4 2N (5.18)
=\ Ton o7 '

(e 57m) ({5 ])
- o 16n’ 2n

When N > 21n R+3andN >3k At 2 —In(o+/7)/(n1n2), we know
that each term in the estimates for Tk is bounded by (n/ (2R))?/2. Hence (5.12)
holds.

Finally, we choose the smallest N satisfying

80n 1n 2
N >

+3In —+5
n

Then, by checking the cases ¢ > 1 and o0 < 1, we see that (5.12) is valid for
any 0 < n < %. By Theorem 5.11,

R 80nln2  \"//5 R
In A (Ix (B), 1) < <3ln—+ i +6> (<§1n2>nN+ln—+ln8>
N o n

R 54n n R 90n?
<(3ln=+=+6) (6n+DIn=+— +1ln+3).
no o no o

This proves (5.15).
When 0 < n < Re(90’12/02)_“”_3, we have

n+1
InN (I (Br),n) < 4"(6n+2) (m —> .
n

This yields the last inequality in the statement. |

One can easily derive from the covering number estimates for X = [0, 1]"
such estimates for an arbitrary X .
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Proposition 5.13 Let K(x,y) =k(x — y) be a translation-invariant Mercer
kernel on R" and X CR". Let A>0 and K® be the Mercer kernel on
=[0, 11" given by

K2(x,y) =k(A(x =), xyel0,1]".

Then
W) IfX S x*+[—A/2,A/2]" for some x* € X, then, for all n,R > 0,

Nk (Bgr),n) < Nga(Bgr),n).

(i) If X D x*+[—A/2,A /2] for some x* € X, then, for all n,R > 0,
Nk (Br),n) = Nga(Br),n).

Proof.
(i) Denote fg = (3. %,...,3) € [0,1]". Let g = Y"1, ¢;Ky; € Ix(Bg). Then

xj — x*
el = 3 ciekti - x,>_ch,( ( LA A _ro))

ij=1 ij=1
* m 2
KA —x* Xj— X _ KA
~ Y ag R >
ij=1 i=1 KA

the last line by the definition of K2, Since g € Ix(Bg), we have
m
> GKE . elga(Bp).
i1 Szt

If {fi,....fv} is an n-net of Ixa(Bg) on X2=[0,1]" with
N ZN(IKA (Br), n), then there is some j € {1,..., N} such that

m
Z A

C[le_fx* _f]‘
i=1 5t

=n.

¢ (0,11

This means that

sup ZC,KA( AL +lo) - fi®

te[0,1]"

=1
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Taket = ((x —x™)/A) +to. Whenx € X C x*+[—A/2, A/2]", we have
t € [0,1]". Hence

m

Z KA x—x*+t x,-—x*_l_t P x—x*+t
i_lcl A 0> A 0 j A 0

sup
xeX

=1

This is the same as

*

“ X—X
Zcik(x —xi) — f ( A + to)

i=1

sup
xeX

= sup
xeX

=7

- x—x*
: ciKy (x) — f (—A + to)

i=

This shows that if we define ]j.*(x) = fil((x — x*)/A) + 1), the set
{fi¥, ... .fu}is an n-net of the function set {D ;| ¢;Ky, € Ix(Bg)}in €'(X).
Since this function set is dense in Ix (Bg), we have

NIk (Br),n) <N = N(ga(Br),n).

(i) If X D x*+[—-A/2,A/2]" and {g1,...,gn} is an n-net of Ix (Bg) with
N = N (Ig(Bg),n), then, for each g € Bg, we can findsome;j € {1,...,N}

such that |lg — gjllwx) < 1
Letf =", C,‘KtiA € Ixa(Bg). Then, for any t € X2,

f@)=)"cik(At—1) =) cik(x—xi) = Y _ ciKy, (%),
i=1 i=1 i=1

where x = x(t) = x*+ At —tfg) e X andx; = x* + A@; —19) € X. It
follows from this expression that

m m
£ = Y cii K2t tp) = Y cick(At — 1))
ij=1 ij=1

m
= Y cigK (i) = llglg < R.
ij=1
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where g = >"I" | ¢iKy,. So, g € Ix(Bg) and we have ||g — gillexy =
SUp,ex 18€(x) — gi(x)| < nforsomej e {1,...,N}. Butforx = x(¢) € X,

g =) cik(r —x) = ) cik(AG = 1) =f ().

i=1 i=1

It follows that

sup | (1) — gi(x* + A(t — t))| < sup [g(x) — gi(x)| < .
te[0,1]7 xeX

This shows that if we define g/?“(t) = gi(x*+A(t—19)), theset{g],. .., gxn}
is an n-net of Iga (Bg) in € ([0, 11"). ]

If we take A =2Diam(X) to be twice the diameter of X, then the
condition X Cx* + [—A/2,A/2]" holds for any x* € X. If, moreover,
k(x) = expl{—Ilx2/0?} then K2 (x,y) = exp{—lx — y[2/(@2/A?). Tn this
situation, Corollary 5.12 and Proposition 5.13 yield the following upper bound
for the covering numbers of Gaussian kernels.

Corollary 5.14 Let 0 >0, X CR" with Diam(X) <oo, and K(x,y) =
R

exp{—|lx —y|12/02}. Then, for any 0 < n < 5, we have

H 2 n
In NV (Ix (Bg), ) < <3 ln%e + Wyﬂ +6)

( R 360n2(Diam(X))?2

(6n+1Dn— + - +11n+3>. ]
n o

We now note that the upper bound in Part (ii) of Theorem 5.1 follows from
Corollary 5.14. We next apply Theorem 5.11 to kernels with exponentially
decaying Fourier transforms.

Theorem 5.15 Let k be as in Theorem 5.11, and assume that for some constants
Co>0and A > n(6 +21In4),

k(E) < Coe N vE e RY
Denote A = max{1/ex, 4" /e*/?}. Then for 0 < n < 2R\/CoAP"—D/4,

In N (Ix (B < ! lR 1+C ' ! 1 lR C
s = (g + 1+ (i 1) )
(5.19)
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holds, where

21n(32C, C
€= 14 20620 8,/ —22n/2(A38m)C1 ),
In (1/A) )

Proof. LetN € Nand 1 <j < n. Since |§j|/N <1 for& € [-N/2, N/2]",
we have

N N
/ k@)(@) a <o e—k“é'<@) dé
£€[—N/2,N /2] N £€[—N/2,N /2] N

Co

S | g1V e M8 ag;
NN ge[-N/2N/2] '
2C0 n—1

—1/2
<26, e N2
- (e)L)NJrl’

the last inequality by Stirling’s formula. Hence the first term of Y (V) is at
most

X 1 \>2 (1/12)+1Nn_(1/2)
—n /
1 N+1
< 4CN"D [ — .
- er

Here we have bounded the constant term as follows

-1
1 \2n-2 14+ (1/2M))? " 5(1/12)+2
n (1+—2N) (2n)"2¢2n2<‘/‘2)+‘=n3<( a/27)

2 27
_ s fara\T a0
n
- 2 27
-1
_ n3 <i)n 2(1/12)+2
8 2
<4, forallne N,
For the other term in Y} (), we have
/ k(&) dE < Cy f e el g, (5.20)
§¢[-N/2.N/2]" IEI=N/2
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To estimate this integral, we recall spherical coordinates in R":

& = rcos b
& = rsinf cosH;

&3 = rsin 6 sin 6, cos 03

&—1 =rsinf;sinb,...sin6,_,cosb,_|

=rsind;sind;...sin6,_,sinG,_q,

where r € (0,00), 01,...,60,—2 € [0,¢), and 0,1 € [0,27). For a radial
function f (]|€||) we have

)
/ FUEND dE = wars / £y ar,
r=<|él<r |

where

2 kg
Wp—1 = / / / sin"_291 sin 3 6r...8in6,_2d01 dO...db0W>d6,_1
0

n—-2 .
=27 1_[/(; gin /! 0; d@j
Jj=1

27.[11/2
T(n/2)

Applying this with £ (||£]) = e *Iéll we find that

27'["/2 00

/ =&l dé— - - e—krrn—l dr.
IE1=N/2 ['(n/2) Jn)2

By repeatedly integrating by parts, we see that

—1
/oo ef)urrnfl dr = l (ﬁ)n ef)LN/Z + n—1 /OO ef)nrrn72 dr
NJ2 A\2 Ao JInp

= _Z 1 (n—D! ( )nje—xzv/z
= (n—j! '
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Therefore, returning to (5.20), since A > 2n,

202 l(n—1>'< )"‘j v
R/ & 3 (=)

I'(n/2) e 2n)J (n = j)!

/ k() dg < Com—
EL-N/2N/2]"

27" SN (=D

< C
= T2 i =yt

- 2Cyn"/? N1 kN /2
= Tw/2) '

It follows that the second term in Y (V) is bounded by

2 2Com"? gn \N
N)" —n=L0 —1_—)N/2 3
(1+(N2 ) ) Q7) n—F(I’l/Z) IN" e < 4CoN ”<6W> .

Combining the two bounds above, we have

n

1 N+1 4 N
Yi(N) < 4CoN™ V2 [ — +4CoN>" < 8CoN>"AN.
e er?

Since A > n(6 4+ 21n 4), the definition of A yields

: 4 —3n
A < max i o
e(2nlnd + n)’ ennd+3n

Since xe ™ < e~ ! for all x € (0, 00), we have

N3TAN/2 — (NAN/6n)3n _ (NefN/6n1n(l/A))3n

6n . 3n 2 3n
<|———¢ <|- < 1.
log(1/A) e
Then, for N > 4n/In(1/A),

Te(N) < 8CoAN/2. (5.21)

Thus, for 0 < n < 2R\/CoA®"~D/4 we may take N € N such that N >
4n/In(1/A) and N > 2 to obtain

2
8CoAN/? < (%) < 8CoAN-D/2, (5.22)
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Under this choice, (5.12) holds. Then, by Theorem 5.11,

Now, by (5.22),

21n(32C) 4
= T Tha/a) (/A g

Also, since
(N + l)n/Z(NzN)n S 2}1/2(A—3/82H)N’

we have

4 R 21n(32Cp) \" "
In A (U (Br), ) < (ma/A) inT 2.4+ SR ) ln<8\/k(0)2

(A—3/82n)1+2 In(32Cp)/In(1/A) (R/U)W ln(l/A))+l).

Finally observe that

—~ C
k()] = |2m) ™" / k() d§| < @m)™" f Coe 5l ag < 70
Then (5.19) follows. |
We can apply Theorem 5.15 to inverse multiquadric kernels.

Corollary 5.16 Let ¢ > n(6 +21n4), « > n/2, and
k(x) = (> + Ix|>)7% xeR™

Then there is a constant Cy depending only on o such that for 0 < n <
2R /COA(2n71)/4’

In N (Ix (B, < —4 1 R 1+C ! —4 1)1 R C
AUk R)”’)‘(lna/A) T 1) Km(]/A)* )“Tr 2}

holds, where A = max{1/ec,4"/e/*} and Cy, C5 are the constants defined in
Theorem 5.15.
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Proof. For any € >0, we know that there are positive constants Cy > 1,
depending only on «, and C{, depending only on « and €, such that

Cie™@HIlEl <(g) < Coe~“IEl Ve e R, (5.23)
Then we can apply Theorem 5.15 with A = ¢, and the desired estimate
follows. |

5.4 Lower bounds for covering numbers

In this section we continue our discussion of the covering numbers of balls in
RKHSs and provide some lower-bound estimates. This is done by bounding
the related packing numbers.

Definition 5.17 Let S be a compact set in a metric space and n > 0. The
packing number M(S,n) is the largest integer m € N such that there exist m
points x1, ..., X, € S being n-separated; that is, the distance between x; and x;
is greater than n if i # j.

Covering and packing numbers are closely related.

Proposition 5.18 For any n > 0,
M(S,2n) < N(S,m) < M(S,n).

Proof. Let k = M(S,2n) and {aj,...,ax} be a set of 2n-separated points
in S. Then, by the triangle inequality, no closed ball of radius 1 can contain
more than one a;. This shows that A/ (S, n) > k.

To prove the other inequality, let k = M(S,n) and {ay,...,ax} be a set of
n-separated points in S. Then, the balls B(a;, n) cover S. Otherwise, there would
exist a point a4 whose distance to a;, j = 1,...,k, was greater than n and
one would have M(S,n) > k + 1. [ |

The lower bounds for the packing numbers are presented in terms of the
Gramian matrix

K[x] = (K@ix); (5.24)
where X := {x, ..., x,} is a set of points in X . Denote by ||K[x]~"||> the norm

of K[x]~! (if it exists) as an operator on R” with the 2-norm.
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We use nodal functions in the RKHS H to provide lower bounds of covering
numbers. They are used in the next chapter as well to construct interpolation
schemes to estimate the approximation error.

Definition 5.19 Letx := {xi,...,x,} € X. Wesay that {«;}]" | is aset of nodal
functions associated with the nodes x1, ..., x, if u; € span(K,,...,K,,) and
u;i(x;) = .

The following result characterizes the existence of nodal functions.

Proposition 5.20 Let K be a Mercer kernel on X and X := {x1,...,xn} C X.
Then the following statements are equivalent:

(i) The nodal functions {u;}?" | exist.
(ii) The functions {Ky;};* | are linearly independent.
(iii) The Gramian matrix K[X] is invertible.
(iv) There exists a set of functions {f;}" | € Hg such that fi(x;) = 8;; for
Lj=1,...,m

In this case, the nodal functions are uniquely given by

m
wi(x) = Y (KIx]™ijKg(), i=1,...,m. (5.25)
j=1
Moreover, for each x € X, the vector (Lt,-(x));”=1 is the unique minimizer in R™

of the quadratic function Q given by

m m
Ow) = > wik (xi, x)w; —2 Y wiK(x,x;) + K(x,x), weR".
ij=1 i=1

Proof.

(i) = (i1). The nodal function property implies that the nodal functions
{u;} are linearly independent. Hence (i) implies (ii), since the
m-dimensional space span{u;};" | is contained in span{K,,}" |.

(ii) = (iii). A solutiond = (dy,...,d;) € R™ of the linear system

K[x]ld =0
satisfies
2

m
Z diKy
j=1

m m
Zd,‘ ZK(xi,xj)dj =0.
i=1 j=1

K
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Then the linear independence of {Kj; }j'."z | implies that the linear
system has only the zero solution; that is, K[x] is invertible.
When K[x] is invertible, the functions {f;}?", given by f; =

i=1
Z}nﬂ(K[X]*l)i‘ijj satisfy

£ig) =Y (KIXI™DieK (e, x) = (KIX]'K[XD)ij = 8.

=1

These are the desired functions.
Let Px be the orthogonal projection from Hg onto span{K,}/* ;.
Then fori,j=1,...,m,

Pu(f) () = (Px(f). Ky)k = (i K )k = fix) = 8.

So {u; = Px(fi)}_, are the desired nodal functions.

The uniqueness of the nodal functions follows from the invertibility
of the Gramian matrix K[x].

Since the quadratic form Q can be written as Q(w) = wl K[x]w —
2bTw + K(x,x) with the positive definite matrix K[x] and the
vector b = (K (x,x;))" |, we know that the minimizer w* of Q in
R™ is given by the linear system K[x]w* = b, which is exactly
@)L m

When the RKHS has finite dimension ¢, then, for any m < £, we can find
nodal functions {uj};”: | associated with some subset X = {x1,...,x,} C X,
whereas for m > £ no such nodal functions exist. When dim Hx = oo, then,
for any m € N, we can find a subset x = {x1,...,x,} C X that possesses a set
of nodal functions.

Theorem 5.21 Let K be a Mercer kernelonX, m € N, andx = {x1,...,x,} C
X such that K[X] is invertible. Then

Mg Br),m = 2" — 1

for all n > 0 satisfying

. 1 (R)?
IKIXI 'l <=1 =) -
m\n
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Proof. By Proposition 5.20, the set of nodal functions {u;(x) }]’.”: | associated
with x exists and can be expressed by
m
ui() = ) (KIxI™ DKy ), i=1.....m.
j=1
For each nonempty subset J of {1,...,m}, we define the function u; (x) :=

ey N'uj(x), where 1" > 7 satisfies IKIx] 7l < L (R/n’)z. These 2" — 1
functions are n-separated in €' (X).
For J; # J;, there exists some jo € {1,...,m} lying in one of the sets Ji, J2,

but not in the other. Hence

!/
ey, — upylloo = lug, (xjy) — g, (xj)1 = 1" > 1.

What is left is to show that the functions u; lie in Bg. To see this, take
W+£J C{l,...,m}. Then

sl = <n’ 3 (K1) Koo' 3 > (k™). K>

jeJ e=1 jel s=1 P

m

=2y Xm: (K[X]_1>_K > (K[x]‘l)j/s (K[xD)se

jiled =1 =

m
=02 Y (Kx™') =02 Y (KixD~le)
ji'el Y i=1 '
< IKIXD el gy < 02 Vmll(KIXD el
< n*Jmllel|(K[xD 2 = n?mll(K[xD) 2.
where e is the vector in £2(J) with all components 1. It follows that [Juy||x <
_1nl/2 . _ 2
0/ /mlIK[x]7' 13/, and u; € B since |K[x]7 2 < L(R/n')*. n

Thus lower bounds for packing numbers and covering numbers can be
obtained in terms of the norm of the inverse of the Gramian matrix. The latter
can be estimated for convolution-type kernels, thatis, kernels K (x, y) = k(x—y)
for some function k in R”, in terms of the Fourier transform % of k.

Proposition 5.22 Suppose K (x,y) = k(x—y) isa Mercer kernelon X = [0, 1]*
and the Fourier transform of k is positive; that is,

k() >0, VEeR™
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ForN e N, if Xy :=({0,1,...,N — 1} and x = {0t/ N }aexy, then

tEe[-Nn Nr]"

—1
IK[x] ' <N7" ( inf k(é‘)) :
Proof. By the inverse Fourier transform,

k(x) = Qm)™" [ k(&)e™t de,
Rn

we know that for any vector ¢ := (cg)aexy

TK[xle = cacp(2m)™" / k() @N=(B/N)E ge
R»
a’ﬁ

2
dé

= Q0™ / k()
Rn

ia-&E/N
Xa: Cal
Z cye'®
o

Bounding from below the integral over the subset [-Nm, Nm]*, we see that

Z cqe'®s

o

2

— (27)""N" / K(NE) dE.
Rn

2

cTK[X]cZ(Zn)_"N”( inf E(;ﬂ) / d&
[77-[’”]1‘1

ne[—Na Nm]*

_ 2 n : T
- ”CHZZ(XN)N (fe[—]l\}lJf,Nﬂ]”k(S)) .

It follows that the smallest eigenvalue of the matrix K[x] is at least

N" inf k(&) ).
<Ee[11\/n7r,N7r]" (E))

from which the estimate for the norm of the inverse matrix follows. ||

Combining Theorem 5.21 and Proposition 5.22, we obtain the following
result.

Theorem 5.23 Suppose K (x,y) = k(x — y) is a Mercer kernel on X = [0, 1]"
and the Fourier transform of k is positive. Then, for N € N,

A (I B, g) > In M(Ik (Bg), n) > In2{N" — 1},
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provided N satisfies

inf k() > (ﬁ)z. n

te[-Nn Nx]" R

As an example, we use Theorem 5.23 to give lower bounds for covering
numbers of balls in RKHSs in the case of Gaussian kernels.

Corollary 5.24 Leto > 0,n € N, and

2
k(x) =exp{—@}, x e R™
o

Set X = [0, 11%, and let the kernel K be given by
K(x, 1) =k(x—1), x,te[0,1]"

2
Then, for0 < n < 2(0«/_/2)"/2 —no’x/8,

In N'(Ix (Br),n) > ln2<i> {1 In <R> +In(o /)
o n

—(——i—l)an} —In2.
n

Proof. Since k is positive, we may use Theorem 5.23. |

5.5 On the smoothness of box spline kernels

The only result of this section, Proposition 5.25, shows a way to construct box
spline kernels with a prespecified smoothness r € N.

Proposition 5.25 Let By = [by,...,b,] be an invertible n x n matrix. Let
B = [By By ... Byl be an s-fold copy of Bo and k(x) = (Mp*xMp)(x) be induced
by the convolution of the box spline Mp with itself. Finally, let X C R", and let
K:X x X — R be defined by K(x,y) = k(x —y). ThenK € €"(X x X) for
allr <2s —n.

Proof. By Example 2.17, the Fourier transform % of k(x) = (Mg *x Mp)(x)
satisfies

k() =

j=

"(mM@ be)
ANCESYE
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To get the smoothness of K we estimate the decay of %. First we observe that
the function ¢ +— (sin?)/f satisfies, for all t & (—1, 1),

sin ¢

t

1 2
— =

< .
el = 1+ ¢

Also, whent € (—1,1), |(sin?)/t] < 1. Hence, for all t € R,

2 2 2 4
< < .
“\1+)1) 14422

It follows that for all £ € R”,

ﬁ (sin«s -b,->/2>>2 - 4"
ANV VY RNy

sin ¢

t

If we denote n = Bl&, then & - b = b/T‘f;‘ = n; and

n Eb]
H(”’T

j=1

AN n 1 & 1
— s - 2 _ -z 2
>_]‘[(1+ 4>zl+4j_21n,-—1+4nn||.

j=1

But [|n]*> = IBJElI> > 120l?[I€]1>, where Ao is the smallest (in modulus)
eigenvalue of By. It follows that for all £ € R”,

~ 41 K mn )
k T oL 2nen2 —_— 1+ 2 73‘
© = (1 + zlt|)‘0|2||$||2> = (mln{l, |)»()|2/4}> ( 1€1°)

Therefore, for any p < 25 — 2,

- X 4n 2s
) N AN
/Rn(l +IEIDP k@) dE < (min{1,|xo|2/4}>

1 2s—p
/n(l+||s||2> 45 < o0

and, thus, k € H?(R"). By the Sobolev embedding theorem, K € €" (X x X)
forall r < 2s — n. |
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5.6 References and additional remarks

Properties of function spaces on bounded domains X are discussed in [120].
In particular, one can find conditions on X (such as having a minimally smooth
boundary) for the extension of function classes on a bounded domain X to the
corresponding classes on R”.

Estimating covering numbers for various function spaces is a standard theme
in the fields of function spaces [47] and approximation theory [78, 100]. The
upper and lower bounds (5.2) for generalized Lipschitz spaces and, more
generally, Triebel-Lizorkin spaces can be found in [47].

The upper bounds for covering numbers of balls of RKHSs associated with
Sobolev smooth kernels described in Section 5.2 (Theorem 5.8) and the lower
bounds given in Section 5.4 (Theorem 5.21) can be found in [156]. The bounds
for analytic translation invariant kernels discussed in Section 5.3 are taken
from [155].

The bounds (5.23) for the Fourier transform of the inverse multiquadrics
can be found in [82] and [105], where properties of nodal functions and
Proposition 5.20 can also be found.

For estimates of smoothness of general box splines sharper than those in
Proposition 5.25, see [41].
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Logarithmic decay of the approximation error

In Chapter 4 we characterized the regression functions and kernels for which
the approximation error has a decay of order O(R~?). This characterization was
in terms of the integral operator Lx and interpolation spaces. In this chapter we
continue this discussion.

We first show, in Theorem 6.2, that for a € kernel K (and under a mild
condition on px) the approximation error can decay as O(R~?) only if o
is €*° as well. Since the latter is too strong a requirement on f,, we now
focus on regression functions and kernels for which a logarithmic decay in the
approximation error holds. Our main result, Theorem 6.7, is very general and
allows for several applications. The result, which will be proved in Section 6.4,
shows some such consequences for our two main examples of analytic kernels.

Theorem 6.1 Let X be a compact subset of R" with piecewise smooth boundary
andf, € H*(X) with s > 0. Let o, ¢ > 0.

(i) (Gaussian) For K (x,t) = e~ =115 e have

inf — rer <C(InR) ™8, R>1,
inf 1o = 8ll 2200 <CnR)

where C is a constant independent of R. When s > 7,

inf | f, — gllgx) < CnR)WO=CA g >,
llgllxk <R

(ii) (Inverse multiquadrics) For K (x,t) = (*+ |x— t|2)_0‘ with a > 0 we have

inf — rvy <C(InR) ™2, R>1,
e Lo = gllz2) = CnR)

109
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where C is a constant independent of R. When s > 73,

inf _|If, — gllgx) <CAnR)WI=E/D R > 1.
llgllxk <R

The quantity inf ¢, <r [l.fp — &Il #2(x) is not the approximation error (—ag)
A(f,,R) unless py is the Lebesgue measure w. It is, however, possible to obtain
bounds on A(f,, R) using Theorem 6.1.If s > 5, one can use the bound in ¢’(X )
for bounding inf g < I f, — gl (x) for an arbitrary px. This is so since
sup{||f||gpzx (x)  Px is a probability measure on X } = || f'||¢ (x)- In the general
case,

inf |Ifp —gllgz <D inf | fo — gl #2(x)
lglg <k P N X0 = THey e g 1P T SNZEX)

where D, denotes the operator norm of the identity

LX) S LX),

We call Dy, the distortion of p (with respect to ). It measures how much
px distorts the ambient measure . It is often reasonable to suppose that the
distortion D,, is finite.

Since p is not known, neither, in general is D,,,. In some cases, however,
the context may provide some information about D,,,,. An important case is the
one in which, despite p not being known, we do know py. In this case D,
may be derived.

In Theorem 6.1 we assume Sobolev regularity only for the approximated
function f,,. To have better approximation orders, more information about p
should be used: for instance, analyticity of f, or degeneracy of the marginal
distribution py .

6.1 Polynomial decay of the approximation error for
kernels

In this section we use Corollary 4.17, Theorem 5.5, and the embedding
relation (5.1) to prove that a € kernel cannot yield a polynomial decay in the
approximation error unless f, is ¢ itself, assuming a mild condition on the
measure py .

We say that a measure v dominates the Lebesgue measure on X whendv(x) >
Codx for some constant Cgy > 0.
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Theorem 6.2 Assume X C R" has piecewise smooth boundary and K is a €

Mercer kernel on X. Assume as well that px dominates the Lebesgue measure
on X. If for some 6 >0

AfpRyi= inf IIf —gllgz o) =OR™),

lglx <
thenf, is € on X.

Proof. Since py dominates the Lebesgue measure p we have that px is
nondegenerate. Hence, H}g ="Hk by Remark4.18. By Corollary 4.17, our decay
assumption implies that f,, € (fgx (X), Hk)e/2+0). We show that for all s > 0,
fp € Lip*(s, flf(X)). Todoso,wetaker € N,r > 252+ 0)/0 > s,andt € R".
Let g € Hg and x € X,,. Then

Alfy () = Al (fo—9) W +A[g) = Y (;) (=17 (fp=g) (x+jn+A7g ().

=0

Let £=2s(2+6)/0. Using the triangle inequality and the definition of

I llig e 2.2 0xy » it Follows that

1/2 ,
r
{ / |A{fp<x>|2dx} <> ( ; ) 1o = gllzzoe) + 18781 220x)
X, —
: j=0
<21 fp = gllz2cx) + VOO N gt aip oy 1172
Since K is ¢°, g € Hg, and r > %, we can apply Theorem 5.5 to deduce that

||g||Lip*(€/2,<€(X)) = \/ 2r+l “K”Lip*(K) lglk-

Also, dpx (x) = Codx implies that [| f, — gll.z2(x) = (1/VC)l fo = 8ll.z2 x)
and u(X) < 1/Cy. By taking the infimum over g € Hg, we see that

1/2
1
Af,(0)Pdx} < inf {27||f, —
{‘/};’v| tfﬂ( )| } — \/C_()gGHK{ ”fp g”fpzx(x)

2K g i1/
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¢_ (2 + 2 K )

inf { - T [l2)1¢? }
ot I fo g||$p2X(X) llel*~llgllx

Since f, € (.szx (X), Hk)e/2+0), by the definition of the interpolation space
in terms of the K-functional, we have

inf { - + [le)1*2 }:K( : t[/2>
Jnf {10y = gllzg o0+ 1018l Fo Il
< Cylle)P 2 = ||t ),

where C|, may be taken as the norm of f, in the interpolation space. It follows
that

1/2
: = Su t § Ar X 2 dx
|fp|L|p*(s,$2(X)) ts an il {/X” | ;fp( ) }

1
< (2’ + J2H K e, ) Ch < 0.
v Co

Therefore, f, € Lip*(s, fl%(X )). By (5.1) this implies f, € €4 (X) for any
integer d <s — 5. But s can be arbitrarily large, from which it follows that
fp € € X). |

6.2 Measuring the regularity of the kernel

The approximation error depends not only on the regularity of the approximated
function but also on the regularity of the Mercer kernel. We next measure the
regularity of a Mercer kernel K on a finite set of points x = {x1,...,x,} C X.
To this end, we introduce the following function:

1/2

m m
€k (X) := sup 1nf K(x,x) — ZZwiK(x,xi) + Z wiK (x;, xj)w;

xex | wek i=1 ij=1
6.1)

‘We show that by choosing w; appropriately, one has €x (x) — 0 as x becomes
dense in X . It is the order of decay of ek (x) with respect to the density of x in
X that now measures the regularity of functions in Hg. The faster the decay,
the more regular the functions.
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As an example to see how €g (x) measures the regularity of functions in Hg,
suppose that for some 0 < s < 1, the kernel K is Lip(s); that is,

IK(x,y) = K(x,0)| <Cd(y,1)*', Vx,y,teX,
where C is a constant independent of x, y, . Define the number

dy := max min d (x, x;)
xeX i<m

to measure the density of x in X. Let x € X. Choose x; € x such that
d(x,x¢) <dy. Set the coefficients {wj}j’.” L aswe=1,and w; =0if j # £. Then

m
K(x,0=2 ) wik (6, x)+ Y wik (xi x;)wj = K (x, x)=2K (x, x¢)+K (x¢, x¢).-
i=1 ij=1

The Lip(s) regularity and the symmetry of K yield
K(x,x) — 2K (x,x¢) + K (x¢, x¢) < 2C(d(x,x¢))" <2Cdy.

Hence
ex (x) <2Cd;.

In particular, if X =[0,1] and x={j/N} 20 then dy < ﬁ, and therefore
ex(x) <2!7SCN~5. We obtain a polynomial decay with exponent s.

When K is €, the function eg(x) decays as O(dy). For analytic kernels,
€x(x) often decays exponentially. In this section we derive these decaying
rates for the function eg (x).

Recall the Lagrange interpolation polynomials {w;s_1 (t)}f;é on [0, 1] with
interpolating points {0, 1 /s — 1, ..., 1} defined by (5.3) with s replaced by s — 1.
For any polynomial p of degree at most s — 1,

s—1

Y wis 1 (Op/(s = 1) =p().

=0
This, together with the Taylor expansion of f at 7,
s—1

) )
fo)= Z%W — 1Y + R() (),

j=0
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implies that

s—1

Y wis 1 OR (A (s = 1),0)

=0

s—1

Y Wi A/ (s = 1) = (1)

=0

Here R;(f) is the linear operator representing the remainder of the Taylor
expansion and satisfies

1
(s — 1!

y
IRy(f) (. 1)| = ‘ / o — w9 wdu
t

v — 1 1
<=1 Moo = 51V lloo
S S

Using Lemma 5.9, we now obtain
s—1

D wis O A/ s = 1) = f ()

=0

— 12!
OS2

Recall also the multivariate Lagrange interpolation polynomials

n
Wa,s—l(x) = 1_[ Waj,s—l(xj),

j=1
x=(x1,..., %), =(ay,...,05) €{0,...,5s —1}"

defined by (5.6).
Now we can estimate €g (x) for ¢ kernels as follows.

Theorem 6.3 Let X =[0,1]1", s € N, and K be a Mercer kernel on X such that
for each o € N" with |a| <35,

a Jee]

" Kixy)
—K(x, —
V=0

——K(x,y) €% 0,12”.
e Sy K ) € F (0.1

Then, for N > s and x ={at/N}ue(0,1,...,N—1}1, We have

N5,
E (X xX)

ex(x) <

°K
ay}

22sn+lss+2n n
s!

i=1
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Proof. Letx ¢ X. Thenx:% + s;,—lt for some 8 € {0,1,...,N — s+ 1}*
and ¢ € [0, 1]". Choose the coefficients in the definition of €k (x) to be

wys—1() fa=B+y,yef0,...,s—1}"
Wo = .
0 otherwise.

Then we can see that the expression in the definition of €k is

y€{0,...,s—1}"

B+y B+n
+ Y wy K (T ) s @
y,nef0,....s—1}7

But ), c(o,..s—1y Wy.s—1(t) = 1. So the above expression equals

> wy,H(r){m,x)—K(x,’3 ;V>}+ Yo W@

y€{0,...,s—1}" y€{0,...,s—1}"
Z wys—1(0) (K M,m - K 'Bﬂ’x
’ N N N
n€f0,...,s—1}"

Using Equation (6.2) for the univariate function g(z) =f (yl Js—1),...,
i—)) /(s = 1), z, tix1,- .. ,tn) with z € [0, 1] and all the other variables fixed,
we get

(s — D251

s—1
Vi
Wys—1(t) (g <—) - 8(6‘)) <
};} Vi s—1 s!

Using Lemma 5.9 for y;,j # i, we conclude that for a function f on [0, 1]" and
fori=1,...,n,

ﬁ

N\
o

%(10,11")

4! Yi-1 Vi
Z W)/,S](t)<f<s_l7'-"sl_las_llati+l"‘-7tn>

y€0,....s—1}n
_f L3"'sﬂvti3ti+ls""tn S((S_ 1)2571)”7]
s—1 s—1
(s— D271 || 9%
& 9 g qoam
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Replacing y;/(s — 1) by #; each time for one i € {1, ...,n}, we obtain
14
> w%swn<f<—;7)—f00
y€{0,...,s—1}" $
- ((S _ 1)25'7])” n 8sf
- ' i 198 o

Applying this estimate to the functions f (f) =K (x, W) and K (’gNﬂ

W) , we find that the expression for €x can be bounded by

°K
ay}

_ 1yos—lyn s N
S ()

—

14+ (s — 1)2S—1)")

i1 %X xX)

This bound is valid for each x € X. Therefore, we obtain the required estimate
for ex (x) by taking the supremum for x € X. ]

The behavior of the quantity eg (x) is better if the kernel is of convolution
type, that is, if K (x,y) =k(x — y) for an analytic function k.

Theorem 6.4 Let X =[0, 11" and K (x,y) =k(x — y) be a Mercer kernel on X
with
k@E) <Coe ™8I, Vi e R”

for some constants Co > 0 and ). > 4+ 2nlIn4. Then, for x = {%}ae{o,l ,,,,, N—1n
with N > 4n/In min{eA, 4_”6)‘/2}, we have

1 4 \V?
EK(X)§4C0(maX{e—)L,m}) .

Proof. Let Xy :={0,...,N — 1}". For a fixed x € X, choose the coefficients
w;in (6.1) to be wy y (x). Then the expression of the definition of e (x) becomes
QO (x) given by (5.13). It follows that eg (X) < sup,.x On (x). Hence by (5.14),

€k (X) = Tp (N).
But the assumption of the kernel here verifies the condition in Theorem 5.15.

Thus, we can apply the estimate (5.21) for Y (N) to draw our conclusion
here. |
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6.3 Estimating the approximation error in RKHSs

Recall the nodal functions {u; = u;x}?" ; associated with a finite subset x of X,
given by (5.25). We use them in the RKHS Hx on a compact metric space
(X, d) to construct an interpolation scheme. This scheme is defined as follows:

L(H)@) =Y fepu®), xeX.feCX). (6.3)

i=1

It satisfies Ix(f) (x;)) =f (x;) fori=1,...,m.
The error of the interpolation scheme for functions in Hg can be estimated
as follows.

Proposition 6.5 Let K be a Mercer kernel and x={x1,...,x,} C X such
that K[x] is invertible. Define the interpolation scheme Ix by (6.3). Then, for
f € Hk,

Ix(f) = fllex) =ek®Ifllx
and

Ix(lx = I1f k-

Proof. Forxe X

L(H@ —f@ =) fEuix) —f )= Y ui(x){Ke. )k — (Kenf )&

i=1 i=1
= <Z ui(x)le‘ - szf>
i=1

the second equality by the reproducing property of Hg applied to f. By the
Cauchy-Schwarz inequality in Hg,

s
K

m
Z Lt,‘(X)Kxi — K,

i=1

I (f)(x) =f ()| =

Ifllx-
K

Since (K, K;)x = K (s, 1), we have

m

Z Ui (X)Kx,- —K,

i=1

2 m m
=K@.0) -2 (K@ x)+ Y (0K (i, x7)u;(x).
K

i=1 ij=1

By Proposition 5.20, the quadratic function

QW) =K(x.x) =2 " wiK(x.x;) + Y wiK (xi, x;)w;

i=1 ij=1
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is minimized over R™ at (u;(x))" . Therefore,

<ex(X).
K

m
> w0k, — Ko
i=1

It follows that
x(f)(x) —f @) <ex X flk.

This proves the estimate for [|Ix(f) — f ll¢x)-
To prove the other inequality, note that, since Ix(f)e€Hg and

L(f)x)=f(x), fori=1,....m,
0=L(f)(xi) —f (i) =Ky, Ix(f) = k-

This means that Ix(f) — f is orthogonal to span{K,}" . Hence Ix(f) is the
orthogonal projection of f onto span{K,;}i” ; and therefore ||Ix(f)lx < | flk-
|

Proposition 6.5 bounds the interpolation error [[Ix(f) — f |l x) in terms of
the regularity of K and the density of x in X measured by €k (x), when the
approximated function f lies in the RKHS (i.e., f € Hg).

In the remainder of this section, we deal with the interpolation error when
the approximated function is from a larger function space (e.g., a Sobolev
space), not necessarily from Hg. To this end, we need to know how large
‘Hg is compared with the space where the approximated function lies. For a
convolution-type kernel, that is, a kernel K (x,y) =k(x —y) with E(é ) > 0, this
depends on how slowly * decays. So, in addition to the function €x measuring
the smoothness of K, we use the function Ay : R4 — R, defined by

R —1)2
Ak(r):=< inf ]nk@)> R

[—rm

measuring the speed of decay of ¥. Note that A ¥ 1s a nondecreasing function.
We also use the function Yy (), which measures the regularity of K, introduced
in Section 5.3.

Lemma 6.6 Let k € Z*(R") be an even function with 7;(5 )>0, and K be
the kernel on X =[0, 11" given by K (x,y) =k(x — y). For f € Z*(R") and
M <N € N, we define fy € L*(R") by

&) ifee[-Mm, Mx]"

0 otherwise.

fu) = {
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N—-1\n
’N"”’T}

@) (i)l <11 F 12 AV,
i) 11/ = Kl < 17122 ALY,
i) I =2, < QO™ fegt smtap VEPdE >0 (asM — o).

Proof.

Then, for x={0 , we have

(i) Fori,j € Xy :={0,1,...,N—1}"and x; =i/N € x, expression (5.25) for
the nodal function u; associated with x gives

(i) = Y (KIXI™Di(KIx] ™0 (K K )k

s,teXy

> (K1), (KX, (Kix]), = (KTx171)

s,teXn

Then, for g € ¥ (X), we have

> b (x)

ieXn

3" gGg ) ik = (g1x) KIx1 ™ (gix).

ijeXy

Ik () 1%

where gx is the vector (g(x;))iexy € RN 1t follows that

I @1 < IKIXT allgi 22, = 1K Y Tg e

ieXy

We now apply this analysis to the function fy, satisfyingﬁ,;(é) =0 for
Ee[-Nn,Na]"\[-M m,M]" to obtain

) 2= 2 —n/ ™ i(j
Dol =) |@n) e M E

jeXn JjeXn
)" / T (NE)EN
Ee[—m,|"

=2

JEXN

<@m) fg e @oN P dg <N f e

Then
I (Aol < IKIXT N 1Lf 1%
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But, by Proposition 5.22, |K[x] "', <N " (Ak (N))z. Therefore,

Ix(fa) ik < I f 1.2 Ak (N).

This proves the statement in (i).
(i) Letx € X. Then

I (O—L(fu) ()= Q2m)™" f

Ee[-Ma Mm]?

?@){e"}‘f =D wi(0ee } de.

JEXN

By the Cauchy—Schwarz inequality,

7 2 1/2
[F (5)1 dg}

cl-Mamay K(E)

R ) ) 2 1/2
{<2n>” / k©)]e™€ = D we ds} :
R»

JEXN
The first term on the right is bounded by || f|| &2 Ax (M), since 76\(3;_ ) >
Ak_z(M) for &£ € [-M m,M x]". The second term is

| fu () — Ix(fu) ()] < {(271)_"fé

12
<k(0) -2 Z uj(X)k(x — x;) + Z ui (xX)k(x; — xj)uj(x)) s

jeXy ijeXy

which can be bounded by Y% (N) according to (5.14) with {0, 1,...,N}"
replaced by {0, 1,...,N — 1}"*. Therefore,

I/ — Ix(fa) lgx) = 1L f 122 Ak (M) T (N).

(iii) By Plancherel’s formula (Theorem 2.3),
1 = oy =20 [ P ds.
LAY E¢[-Mm M)

Thus, all the statements hold true. [ |

Lemma 6.6 provides quantitative estimates for the interpolation error:

R 12
If = ()l o) < {(2n)—" /E v<s>|2ds}

E—-Mnr Mm]"
+ 1 f 2 A (M )Y (N)
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with
Ix(fa) ik < N f 1l g2 Ak (N).

Choose N=N(M) > M such that A;(M)Y,(N) — 0as M — 4o00. We
then have || f — Ix(fM)Hyz(X) — 0. Also, the RKHS norm of Ik(fys) is
asymptotically controlled by Ay (N).

We can now state the main estimates for the approximation error for balls
in the RKHS Hg on X =[0, 1]". Denote by A,:l the inverse function of the
nondecreasing function Ag,

A7YR) := max{r>0: Ag(r) <R}, for R > 1/k(0).
Theorem 6.7 Let X =[0,1]", s >0, andf € H*(R"™). Then, for R> | f |2,

o <Rllf gl = ﬁfsNR {A D F 20k (NR) + 11 flls (e M)~

where Ng = | A (R/|| f112)], the integer part of A (R/|| f 12). If s > &, then

. . IFlls 2
£ _ < £ AWM Yi(Ng) + —2=—_p /D=5 1
\|gﬁ2§R”f gll%(x)_0<11§§N{ kMO f 1127 ( R)+\/7

Proof. Take N to be Np.
Let M € (0,N]. Set the function fjs as in Lemma 6.6. Then, by Lemma 6.6,

Ix(A)llik = fl28c(N) <R

and
1f = KDl < I — (idlleao + 1 = furll g2
SAMDNfI2TkN) + N f lls(rM ).

If s > , then

If _fM”‘@”(X)§(27T)7H/ lf(§)|d$< LfIls Mgis,

E¢[-Mm Ml s —n/2

Hence the second statement of the theorem also holds. |

Corollary 6.8 Let X =[0,11", s>0, and f € H*@R"). If for some
ay, a2, Cp, C2 >0, one has

k) = C(1+[E])™™, VEeR"
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and

Tr(N) <CoN™*%, VN e N,
then, for R> (1 +1/C1)(1 + 1/k(O) ]| fIl2,

. . R _y
inf If — gll g2 < {c3||f||2+c1 2S/"“llflls}<”f”2> :

gk <R

where Cs :=272C,C; 2 (22 /¢y + (ar )™ €1)" and

ay (a+2s)

2s .
ar if oy + 25 <205.

{ _dos__ry) 425 > Qa0
)/:

If, in addition, s > n/2, then

’

CE"*2S)/U‘12X—n/2 R -v
inf - <3C + —F—I 1. — )
ol I/ = gllze) 301 f1l2 NoETp 17 1ls <||f||2)

where

ay(a1+2s—n)

25— .
fxl", ifa) + 2s — n < 2.

y/_{ M l_fa1+2s_n22a2,

Proof. By the assumption on the lower bound of 75, we find

1
Ar(r) < —C(l + )72,
1

o

It follows that for R/|| f|l» > max{1/Cy, 1/k(0)},
ACYR/NFN2) = CH RN f 1)

and

2
Ng = G/ R/ 11 £ 1l Y.

Also,

—1 @ o) —2an /oy
T =G (A R/ISIDT)  22Co(CIR/If 1) .
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Then, by Theorem 6.7,

(1 + /M@ \ '/
)

gk <R <M <Ng
ClR —2a3 /0 _
2920, (||f||2> Ifll2 + I f M)~ ¢

Take M = %Clz/"” (R/\fl2)Y/* with y as in the statement. Then, M < Ng, and
we can see that

) —2s/aq R 7
inf_1f = gll e < { Gl FI2+ €711 L)

ligllx <R

This proves the first statement of the corollary. The second statement can be
proved in the same way. n

Corollary 6.9 Let X =[0,1]", s>0, and f € H*R"). If for some
ay,a2,81,082,C, C2 >0, one has

k(&) = Crexp -8/}, V& eR"

and
Yi(N) < Crexp{—8,N"2}, VN €N,

then, for R> (1 +A/CDI| f 2,

inf | f—gll g2, < {CZB 1F Il + 85/ 2552 £ }(l Rt )w
in — 2 — *n n n ,
lele<r " 81220 = /e W 2T ' If12

where A, B are constants depending only on o1, a2, 81,82, and

1 .
) oa ifay <an
J/_

@® >
207 ifa > an.

If, in addition, s > 3, then, for R> (1 +A/C)| f |2,

inf |1/ — gl <B’{CzB 1fll2 + 11 }(1 RS )y(w
n - 7 < — 2 n n >
lglx <R glleeo JC * I 112

where B is a constant depending only on ay, a2, 81,83, n, and s.
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Proof. By the assumption on the lower bound of 75, we find

Ap(r) <

\/_ exp {%(\/ﬁnr)o“ } .

It follows that for R/|| f||» > max{1/+/C1, 1/7;(0)},

1 R Len
(R/||f||2) (— f) ,

T 12

and its integer part Ny satisfies

NR2§2=

1 (2 RJC, >‘/‘”1
2 L .
2 /nx \81  |Ifll2

Also, for R > || £ 12 exp{(2/81)1 (2/An )™}/ /CT,
TeNp) = Crexp {—0[AL R/ 121 < Coexp {—82R).

Then, by Theorem 6.7, for R > (1 + (1 + exp{(2/81)(2/nm)*'}//CO)| f Il2,

G2l f N2 {51 ~ }
inf exp 1 — (/naM)*! — §,R*?
e H <R||f 8l x) = <M<k{ JCr p 2(\/_ ) 2

IS lls e~}

Take

M =

5 /gl <1 wc—ly
n ’
N I 1l2
where y is given in our statement. For R > || f'||2/+/C1,M 57? < Ak_1 R/ f12)
. o o— _ 2_
holds. Therefore, if R > exp {(822 “28, o2/e (/nm) )/ req “2)} | fll2/+/C1,
we have

Gl fli2 —ay—1g— _
”f 8||gz(x) f p[_822 o) ]81 az/al(ﬁn) o)

llg n <R v
RJCT ay/aq R C e
<ln ! ) + 5*}/“' 20%2|| £ s (ln : )
c C Vs
S e T (Y Tecy
N Il £12
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where C3:= sup,.; x"* exp{—8x®2/*1} and § :5;70‘27181_&2/“' (/nm)~,
This proves the first statement of the corollary. The second statement follows
using the same argument. |

6.4 Proof of Theorem 6.1

Now we can apply Corollary 6.9 to verify Theorem 6.1. We may assume that
X C [0, 1]". Since X has piecewise smooth boundary, every function f € H*®
can be extended to a function F € H*(IR") such that || f || zs®ry < Cx Il f |z x)»
where the constant Cy depends only on X, noton f € H*(X).

(i) From (5.17) and (5.18), we know that the condition of Corollary 6.9 is

satisfied with )

Clz(aﬁ)”,(Sl:%,al:Z

and
Cy> 0,02 =1,8, = Inmin{16n,2"}.

Then the bounds given in Corollary 6.9 hold. Since «1 > o, we have y = %

and the first statement of Theorem 6.1 follows with bounds depending
on Cyx.
(i) By (5.23), we see that the condition of Corollary 6.9 is valid. Moreover,

C; >0, Si=c+e, a=1

and

1 ec/?
Cr >0, ar=1, &= > lnmin{ec, F}
Then o1 = arp and the bounds of Corollary 6.9 hold with y = % This yields
the second statement of Theorem 6.1.

6.5 References and additional remarks

Logarithmic decays of the approximation error can be characterized by general
interpolation spaces [ 16], as done for polynomial decays in Chapter 4. However,
sharp bounds for the decay of the K-functional are hard to obtain. For example,
it is unknown how far the power index § in Theorem 6.1 can be improved.
The function €k (x) defined by (6.1) is called the power function in
the literature on radial basis functions. It was introduced by Madych and
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Nelson [82], and extensively used by Wu and Schaback [147], and it plays
an important role in error estimates for scattered data interpolation using radial
basis functions. In that literature (e.g., [ 147, 66]), the interpolation scheme (6.3)
is essential. What is different in learning theory is the presence of an RKHS
‘Hk, not necessarily a Sobolev space.

Theorem 6.1 was proved in [113], and the approach in Section 6.3 was
presented in [157].
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On the bias—variance problem

Let K be a Mercer kernel, and Hy its induced RKHS. Assume that

(i) K € °(X x X), and
(ii) the regression function f, satisfies f,, € Range(LZ/ (4+29)), for some 6 > 0.

Fix a sample size m and a confidence 1 — §, withO0 < § < 1. ToeachR > 0
we associate a hypothesis space H = Hg g, and we can consider f3; and, for
z € Z™, f. The bias—variance problem consists of finding the value of R that
minimizes a natural bound for the error £(f;) (with confidence 1 — §). This
value of R determines a particular hypothesis space in the family of such spaces
parameterized by R, or, to use a terminology common in the learning literature,
it selects a model.

Theorem 7.1 Let K be a Mercer kernel on X C R" satisfying conditions (i)
and (ii) above.

(i) We exhibit, for each m € N and § € [0, 1), a function
Ens =E: RtY > R

such that for all R > 0 and randomly chosenz € Z™,
/ (fa = 1) dpx <E®)
X

with confidence 1 — .
(i1) There is a unique minimizer R, of E(R).
(iiil) When m — oo, we have R, — oo and E(R,) — 0.

The proof of Theorem 7.1 relies on the main results of Chapters 3, 4, and 5.

We show in Section 7.3 that R, and E(R,) have the asymptotic expressions
R, =0 (ml/((2+9)(1+2n/x))) and E(R,) = O (mfﬁ/((2+9)(1+2n/s))).

127
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It follows from the proof of Theorem 7.1 that R, may be easily computed
from m, 8, |l Ig|l, My, || 500> lgll.zz - and 6. Here g € fpzx (X) is such that
X

L%/ (4+26) (g) = fp- Note that this requires substantial information about o and,

in particular, about f,,. The next chapter provides an alternative approach to
the one considered thus far whose corresponding bias—variance problem can be
solved without information on p.

7.1 A useful lemma
The following lemma will be used here and in Chapter 8.

Lemma 7.2 Letcy,ca, ... ,cg >0ands > qy >q2 > ... > qe—1 > 0. Then
the equation

X —ex? —epx®? — o — g x¥ —p =0
has a unique positive solution x*. In addition,
x* < max {(ecn‘/“*ql), (L) V6= (lep_p) T, (ecz)‘“} :

Proof. We prove the first assertion by induction on £. If £ = 1, then the
equation is x°* — ¢; = 0, which has a unique positive solution.

For?¢ > l1letp(x) = x* —cx? —cpx?2 — - - - — cg_1x9-1 — ¢y. Then, taking
the derivative with respect to x,

1 1

/ s—1 - 11—
') =sx""" —qrex? T — oo —cp_1ge_1x9t

= sxde-171 (xs_‘ﬂfl — qul—qu L Ce1ge-d )
§ s

By induction, hypothesis ¢’ has a unique positive zero that is the unique
positive zero x of ¥. Since ¥ (0) <0 and lim,_, 4 ¥ (x) =+o00, we deduce
that ¥ (x) <0 for x € [0,%) and ¥ (x) > 0 for x € (x,4o00). This implies that
¢'(x) <0 forx € (0,%) and ¢'(x) > 0 for x € (X, +00). Therefore, ¢ is strictly
decreasing on [0, X) and strictly increasing on (x, +00). But ¢(0) < 0and, hence
@(x) < 0. Since g is strictly increasing on (x, +00) and limy_, o, @ (x) = 400,
we conclude that ¢ has a unique zero x* on (x, +00) which is its unique positive
zero. The shape of ¢ is as in Figure 7.1. This proves the first statement.
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X x* .
Figure 7.1
To prove the second statement, letx > max {(£c))!/¢~9) |i=1,... ¢},
where we set g¢ = 0. Then, fori =1, ... ,4,¢; < %xs"fi. It follows that
¢ ¢

Z cix? < Z sz_""x"i =x’;

i=1 i=1
that is, ¢(x) > 0. |
Remark 7.3 Note that given c1,c3, ... ,c¢ and s,41,492, ... ,q¢—1, One can

efficiently compute (a good approximation of ) x* using algorithms such as
Newton’s method.

7.2 Proof of Theorem 7.1

We first describe the natural bound we plan to minimize. Recall that £(f;)
equals the sum & (fz) + £(fr) of the sample and approximation errors, or,
equivalently,

[ te=to? =enti+int 17 £l

lk<R

We first want to bound the sample error. Let

M =M R) = |IklIR+ My + || fpllco- (7.1)
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Then, for all f € Hgr, | f(x) —y| < M almost everywhere since

1) =yl = [fOI+ I = [f I+ 1y =fo(] + 1/ (X)]
< MklR+Mp + |l fplloo-

’;

~s

The sample error ¢ satisfies, with confidence 1 — §, by Theorem 3.

N(HK,R, € )e—m8/3OOM2 >3

and therefore, by Theorem 5.1(i) with 1= 15;; (which applies due to

assumption (i)),
e 1T 12MR\ >/ . { me } -
X —_— Xpl—————
P e P17 30002 ) =

(with C = C(Diam(X))"||K||ij;§(Xxx) and C depending on X and s but

independent of R, ¢, and M) or

me 1\ = 12M2\*"
—— —In|<-)-C <0,
300M 2 8 Ik |le
where we have also used that R|Ix|| < M. Write v = ¢/M?. Multiplying by
v2"/$ | the inequality above takes the form

covd+] — clvd —c <0, (7.2)

whered = 21, ¢ = 1, ¢ = In (%) and ¢ = C (12/||Ix ID?.

If we take the equality in (7.2), we obtain an equation that, by Lemma 7.2,
has exactly one positive solution for v. Let v*(m, §) be this solution. Then
e(R) = M2v*(m, §) is the best bound we can obtain from Theorem 3.3 for the
sample error.

Now consider the approximation error. Owing to assumption (ii),
Theorem 4.1 applies to yield

A, B) = 227 Igl1 303 R =1 AR,

@2
ij

where g € fgx (X) is such that L?(/(4+20)(g) =f, and

AUpR) = inf E(f)—E(fp) = inf If ~f, Iz -

Ik <R

We can therefore take E(R) = A(R) + ¢(R) and Part (i) is proved.
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We now proceed with Part (ii). For a point R > 0 to be a minimum of
A(R) + ¢(R), it is necessary that A'(R) + ¢'(R) = 0. Taking derivatives and
noting that by (7.1), M’(R) = ||Ik||, we get
HOpRr=0=1 and &'(R) = 2M ||Ix||v*(m, ).

@2
5

AR) =-2""g|
Therefore, writing Q = %, it is necessary that

(22+1817+96) 072 = (2M, + £, o) i IV (m,)) ©

— 2|l I*v*(m,8) = 0. (7.3)

By Lemma 7.2, it follows that there is a unique positive solution Q. of (7.3)
and, thus, a unique positive solution R, of A’(R) + &’(R) = 0. This solution is
the only minimum of £ since E(R) — oo when R — 0 and when R — oo.

We finally prove Part (iii). Note that by Lemma 7.2, the solution of the
equation induced by (7.2) satisfies

v¥(m,8) < max
m Ik |l

_ 1/(d+1
6001n(1/8) <6OOC< 12 >”’) /@D
m

Therefore, v*(m,8) — 0 when m — oo. Also, since 1/R, is a root of (7.3),
Lemma 7.2 applies again to yield

1 {(MMp+nnanUMWWmﬁ)>”w“>

— < max
» 22+0”g”2+99

22+9”g”2+69

(%kWWWJ»UW%}

from which it follows that R, — oo when m — o0. Note that this implies that
lim A(R,) < lim 22%9|g)?*R % = 0.
m—00 m—0Q
Finally, since Q is a solution of equation (7.3),

(2 1817*°0) 0 — [2M, + 1/ loo) Mk 1 Qe = 211 1]
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and therefore v*(m, 8)R£ = v*(m, 8)/Q£ — 0 when m — o0, and, by (7.1),

lim &(Ry) = lim M*v*(m,s)
m— 00 m—00

im (IR + M + 1y lloc)v* (m,8) = 0.

This finishes the proof of the theorem. |

7.3 A concrete example of bias—variance

Let R > 1 in the proof of Theorem 7.1. Then M < (|Ix|l + M, + || f,lloc)R
and we may take

e(R) = (Mk | + My, + IIfy o) *R*v*(m, 8)

as an upper bound for the sample error with confidence 1 — §. Hence, under
conditions (i) and (ii), we may choose

ER) = (x|l + M, + | folloc)*R?v*(m, 8) + 2270 || g | > RP.
With this choice,

1/(2+6 one (0T
Ry = 0 (m,8) O g [ (il + M, + 11f, o)/ (5>

tends to infinity as m does so and

9\ 2/2+0) 2\ 0/C2+0)
soo=[ ()" )

< g2 + My + [ £ lloo) 2/ @ (0% (im, 8))0/ 2 +0)

=0 (m_e/((2+9)(1+2n/s))) s 088 m — 0.
Example 7.4 Let K be the spline kernelon X = [—1, 1] given in Example 4.19.
If px is the Lebesgue measure and || f, (x + 1) — fo ()| 2—1,1-1) = O (te)

for some 6 > 0, then A(fp,R) = (’)(R*O). Take s = % and n = 1. Then we
have

ER,) =0 (m—O/(5(2+9)>) .
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When 6 is sufficiently large, || f; — 1) ”fsﬂ =0 (m_(l/ 5)+8) for an arbitrarily
Px

small .

7.4 References and additional remarks

In this chapter we have considered a form of the bias—variance problem that
optimizes the parameter R, fixing all the others. One can consider other forms
of the bias—variance problem by optimizing other parameters. For instance, in
Example 2.24, one can consider the degree of smoothness of the kernel K. The
smoother K is, the smaller H is. Therefore, the sample error decreases and
the approximation error increases with a parameter reflecting this smoothness.

We have already discussed the bias—variance problem in Section 1.5. Further
ideas on this problem can be found in Chapter 9 of 18 and in [95].

Bounds for the roots of real and complex polynomials such as those in
Lemma 7.2 are a standand theme in algebra going back to Gauss. A reference
for several such bounds is [91]. Theorem 7.1 was originally proved in [39].
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Least squares regularization

We now abandon the setting of a compact hypothesis space adopted thus far
and change the perspective slightly. We will consider as a hypothesis space an
RKHS Hg but we will add a penalization term in the error to avoid overfitting,
as in the setting of compact hypothesis spaces.

In what follows, we consider as a hypothesis space H = Hg — that is, H is
a whole linear space — and the regularized error £, defined by

& () = /Z(f(x) —»¥dp +yIfI%

for a fixed y > 0. For a sample z, the regularized empirical error &, is
defined by

1 m
Eny () = — 3 i =f )’ +vIf -
i=1

One can consider a target function f, minimizing &, (f) over Hg and an
empirical target f;,, minimizing &, over Hg. We prove in Section 8.2 the
existence and uniqueness of these target and empirical target functions. One
advantage of this new approach, which becomes apparent from the results in
this section, is that the empirical target function can be given an explicit form,
readily computable, in terms of the sample z, the parameter y, and the kernel K.

Our discussion of Sections 1.4 and 1.5 remains valid in this context and the
following questions concerning f; ,, require an answer: Given y > 0, how large
is the excess generalization error E(fz,,) — E(f),) ? Which value of y minimizes
the excess generalization error? The main result of this chapter provides some
answer to these questions.

Theorem 8.1 Assume that K satisfies log N (B1,n) < Co(l/n)s* for some
§* > 0, and p satisfies f, € Range(Lf(/z)for some 0 < 6 < 1. Take yy = m~°

134
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with & < 1/(1 4 s*). Then, for every 0 < § < 1 and m > ms, with confidence
1-34,

/X (Frye @) — fp(x))zd px < Cjlog(2/8)m=%

holds.
Here C, is a constant depending only on s*,¢,Cg, M, Co, and ||LI;9/2 ol
and mg depends also on 5. We may take

my = max | (108/Co) "™ (10g(2/8)) 17", (1/2e)) 7T

where c = 2Cg + 5)(108C0)1/(1+S*).

At the end of this chapter, in Section 8.6, we show that the regularization
approach just introduced and the minimization in compact hypothesis spaces
considered thus far are closely related.

The parameter y is said to be the regularization parameter. The whole
approach outlined above is called a regularization scheme.

Note that y, can be computed from knowledge of m and s* only. No
information on f, is required. The next example shows a simple situation where
Theorem 8.1 applies and yields bounds on the generalization error from a simple
assumption on f.

Example 8.2 Let K be the spline kernelon X = [—1, 1] given in Example 4.19.
If px is the Lebesgue measure and ||f, (x + 1) — fp () | 22 —1.1-1) = O@?) for
some( < 6 < 1,then, by the conclusion of Example 4.19 and Theorem 4.1, f, €
Range (L;?_E)/z) for any & > 0. Theorem 5.8 also tells us that log N'(By, ) <

Co (1/77)2. So, we may take s* = 2. Choose y, = m™% with ¢ = 1_3& < %

Then Theorem 8.1 yields

2
Efur) = EGp) = oy, —olgn =0 (log gm‘“’/”*f)

with confidence 1 — §.

8.1 Bounds for the regularized error

Let X,K.f,, and fz , = f; be as above. Assume, for the time being, that f,, and
fa,y exist.
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Theorem 8.3 Let f, € Hy and f; be as above. Then E(fz) — £(f,) < E(fz) —
Efp) +v Ille|%(, which can be bounded by

[t - et +vIn 13} + et - &t + &) - £60). D
Proof. Write £(f,) — £(f,) + v Ilfzll% as

(€ - &t} + | (800 + v IIF) = (&) + 71517 )]
+{&a6) -0} +{eh) - 6 + v 151}

The definition of f; implies that the second term is at most zero. Hence £(f) —
E(fp) + y||fz||%( is bounded by (8.1). [ |
The first term in (8.1) is the regularized error of f,,. We denote it by D(y);
that is,
D) = Ey) £ +vI Ik = inf {£0) ~EUp + Ik |
K
(8.2)

Note that by Proposition 1.8,

D(y) = Ify — £l + ¥ Ik = Iy —foll-

We call the second term in (8.1) the sample error (this use of the expression
differs slightly from the one in Section 1.4).

In this section we give bounds for the regularized error. The bounds
(Proposition 8.5 below) easily follow from the next general result.

Theorem 8.4 Let H be a Hilbert space and A a self-adjoint, positive compact
operatoron H. Let s > 0 and y > 0. Then

(i) For all a € H, the minimizer b of the optimization problem
minpey (||b —al*+y ||A_“b||2) exists and is given by
b= (A% + yld) " 'A%a.
(i1) For0 < 6 < 2s,
16— all < y*/*V14 " all,
where we define ||A=%a|| = oo ifa & Range(A?).
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(iii) For0 <6 <,
min (116 — al> + 7 1A~6I?) = """ 14~ a|”
@iv) Fors <0 < 3s,
IAT B — a)|| < y?/ 7124 ).

Proof. First note that replacing A by A® and 6/(2s) by 6 we can reduce the
27—-0/(2s)
a

problem to the case s = 1 where A=%a = [(A%)?]
(i) Consider
o(b) = lIb—al® + yIIA~"b]*.

Ifa pointhinimizes @, then it must be a zero of the derivative Dp whose
value at b € Range(A) satisfies o (b + ¢f ) — @(b) = (Dp(b), ef ) + o(¢)
forf e Range(A) But p(b+sf) —¢(b) = 2(b—a,sf )+ 2y (A"%b,ef ) +
EIFIP + 2y 1A% So b satisfies (Id + yA=2)b = a, which implies
b= (d+yA~2)"la = (A2+y1d)~'A2a. Note that the operator Id+y A2
is invertible since it is the sum of the identity and a positive (but maybe
unbounded) operator.

We use the method from Chapter 4 to prove the remaining statements. If
A1 > X2 > ... denote the eigenvalues of A? corresponding to normalized
eigenvectors {¢y}, then

~ A
b= ,
Z et yakfpk

k>1

where a = ) ;- ax¢y. It follows that

-~ -V
b—a= ay .
a E Tty Pk

k>1

Assume A=) = {¥, a2/20}'? < 0.
(i) For0 < 6 < 2, we have

T 2 4 : 2 0 >0 Ak ¢ 1%
b—al|l = =
| : Z(l +V) =Y Z(MJH/) (MH-J/) 10

k>1 k>1

<y’ 1A%a|.
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(iii) For0 <6 < 1,A™' = Y, ; ((V2)/ (e + ¥)) axghy.. Hence

k>1 k>1
=Y
B Moty *
k>1
which is bounded by
1-0 0 2
Y Ak a _
y92< ) ( ) & <y"1a %%
e Aty Aty Ay

(iv) When 1 < 6 < 3, we find that

ANb—ay=Y —L
b-a=) G

k>1

It follows that

2

A b —a))? = S — a?
1A' (b — a)| Z(Ak+y)2kkk

k>1
3—-6 6—1 2
_ y Ak a A
=y’ IZ(A " ) (A - ) & =<y"A™ )
k=1 kTY k TV )Lk
Thus all the estimates have been verified. [ |

Bounds for the regularized error D(y) follow from Theorem 8.4.

Proposition 8.5 Let X C R”" be a compact domain and K a Mercer kernel
such that for some 0 <0 <2f, € Range(Lz/z). Then

W Ify —fol2 = EF) — £ < v 1L Fo 1%

(i) For0 <6 <1,
D(y) = E(fy) — £ + v IF1E < vP 1L fl1%.
(iii) For1 <6 <3,

— —0/2
I —folle < v O D210,
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Proof. Apply Theorem 8.4 with H =12,s =1,A = L}(/z, and a = f,, and
use that [|Lg /£ || = A7 | = |If | k. We know that f, is the minimizer of

min(lf =fol” +yIf 1) = min (I =S + ¥ If 1)

since ||f||x = oo for f & Hg. Our conclusion follows from Theorem 8.4 and
Proposition 1.8. u

8.2 On the existence of target functions

Let X,K.,f,, and f;,, = f be as above. Since the hypothesis space Hg is not
compact, the existence of f,, and f,, is not obvious. The goal of this section is
to prove that both f,, and f,,, exist and are unique. In addition, we show that
Jfa, 1s easily computable from y, the sample z, and the kernel K on the compact
metric space X .

Proposition 8.6 Let v = px in the definition of the integral operator Lg. For
all y > 0 the function f, = (Lx + yId)_lLKfp is the unique minimizer of £,
over Hg.

Proof. Apply Theorem 8.4 with H = .i”vz X),s=1,A= L}(/z, and a = f.

Since, for all f € Hg, |[fllx = ||L1;1/2f||$v2(x), we have
16— all® + yIA7bI? = 16 = fol%, () + ¥ Iblk = € ®B) —op.

Thus, the minimizer f,, is Z in Theorem 8.4, and the proposition follows. W

Proposition 8.7 Letz € Z™ and y > 0. The empirical target function can be
expressed as

[0 =) aiK (x, %)),
i=1

where a = (ay, .. .,an) is the unique solution of the well-posed linear system
in R™

(ymld + K[x])a =Y.
Here, we recall that K[X] is the m x m matrix whose (i,j) entry is
Kxi,xp), X=0x1,...,xn) € X", and y=Q1,...,ym) € Y™ such that
2= ((x1,y1)s- - -, Xm> Ym))-

Proof. Let H(f)=1 Y i —fx)? + yllfll%(. Take v to be a Borel,

m
nondegenerate measure on X and Lk to be the corresponding integral operator.
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Let {¢ }x>1 be an orthonormal basis of 3,,2 (X) consisting of eigenfunctions of
Lk, and let {A;}x>1 be their corresponding eigenvalues. By Theorem 4.12, we
can then write, for any f € Hg,f = Zxk>0 cr ¢y with ||f||%( = ZAk>0 c,%/)»k.

Forevery k withAx > 0,0H /dci = =2 Y1, (vi—f ()i () +2y (¢ /2
If f is aminimum of H, then, for each k with A, > 0, we musthave dH /dc; = 0
or, solving for ¢y,

cr =k ) aidi(xi),

i=1

where a; = (y; — f (x;))/ym. Thus,

FO =) b)) =" Y aid(xi)pr(x)

A.k>0 )\l\'>0 i=1
m m
=D ai ) e id () = Y aiK (xi.x),
i=1 x>0 i=1

where we have applied Theorem 4.10 in the last equality. Replacing f (x;) in
the definition of a; above we obtain

Yi — iy aiK (xj, %)
a; = .
L ym

Multiplying both sides by ym and writing the result in matrix form we obtain
(ymld 4+ K[x])a =y, and this system is well posed since K[x] is positive
semidefinite and the result of adding a positive semidefinite matrix and the
identity is positive definite. |

8.3 A first estimate for the excess generalization error

In this section we bound the confidence for the sample error to be small enough.
The main result is Theorem 8.10.
In what follows we assume that

M= inf{ M > 0| {(x,y) € Z| |y| > M} has measure zero}
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is finite. Note that
[y <M and [f,(x)| <M

almost surely.
ForR > Olet Bg = {f € Hk:lfllk < R}. Recall that for each f € Hk,
Iflloo < Ckllf Ik, where Cx = sup,cx K (x,x).

For the sample error estimates, we require the confidence A (By, ) exp { — ’;LZ}
to be at most §. So we define the following quantity to realize this confidence.

Definition 8.8 Let g = gg ., : R4 — R be the function given by

gw=mN®m—g.

The function g is strictly decreasing in (0, 4+ co) with g(0) = + oo and
g(400) = —o0. Also, g(1) = —£. Moreover, lim, ., N'(B1,n) = N'(B1,¢)
for all ¢ > 0. Therefore, for 0 < § < 1, the inequality

g() < logs (83)
has a unique minimal solution v*(m, §). Moreover,
lim v*(m,8) = 0.
m—00

More quantitatively, when K is €* on X C R", log NV (B, 1) < Co(1/n)*" with
s* = 27” (cf. Theorem 5.1(i)). In this case the following decay holds.

Lemma 8.9 If the Mercer kernel K satisfies log N (B1,1) < Co(1/m)*" for
some s* > 0, then

1081og(1/8) (108c0)1/“+‘*>}
m ’ '

vi(m,8) < max{
m

Proof. Observe that g(n) < h(n) := Co(l/n)s* — ';LZ. Since h is also strictly
decreasing and continuous on (0, 4-00), we can take A to be the unique positive
solution of the equation A(¢) = log . We know that v*(m, §) < A.The equation
h(t) = log § can be expressed as

s 541og(1/6) S 54Cy _
m m

0.

Then Lemma 7.2 with d=2 yields A< max{ 1081og(1/6)/m,
(108C0/m) 1457 } This verifies the bound for v*(m, §). |
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Theorem 8.10 Forall y € (0,1]1and 0 < § < 1, with confidence 1 — §,

2NA2. % 21 2/8
£ — 5 < 2(Ck + 3)>M>v*(m, 8/2) +(8€K og(2/5) +6M+4>
14 my
48M? + 6M) log(2
D) + (48M? + 6M) log(2/8)
m
holds.

Theorem 8.10 will follow from some lemmas and propositions given in the
remainder of this section. Before proceeding with these results, however, we
note that from Theorem 8.10, a convergence property for the regularized scheme
follows.

Corollary 8.11 Let0 < § < 1 be arbitrary. Take y = y (m) to satisfy y (m) —
0, lim my(m) > 1, and y(m)/(v*(m,5/2)) — +o0. If D(y) — O, then,

mM— 00
for any ¢ > 0, there is some Ms ¢ € N such that with confidence 1 — 4,

E(fy) —E(fp) <&, Ym=>M;s,

holds. |

As an example, for ¢ kernels on X C R”, the decay of v*(im, §) shown in
Lemma 8.9 with s* = i—” yields the following convergence rate.

Corollary 8.12 Assume that K satisfies log N (B1,1n) < Co(l/n)s* for some
§* > 0, and p satisfies f, € Range(Lz/z) for some O < 6 < 1. Then, for all
y € (0,1]and all 0 < § < 1, with confidence 1 — 6,

2
log(5) 1 Lo
my | ml/0+, 4

(B )

log({= | —+—

§/\my m

holds, where C1 is a constant depending only on s, Cx, M, Cy, and ||LI_{9/2fp II.

Ify = m=V/ OO0 then the convergence rate is [y (f2(x)—f, (x))2 dox <
6C1 log(2/8)m=0/ 00+,

/X(fz(X) —f,a(X))2 dpx < Cl{

Proof. The proof is an easy consequence of Theorem 8.10, Lemma 8.9, and
Proposition 8.5. |

For € kernels, s* can be arbitrarily small. Then the decay rate exhibited in
Corollary 8.12 is m~1/2+¢ for any ¢ > 0, achieved with & = 1. We improve
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Theorem 8.10 in the next section, where more satisfactory bounds (with decay
rate m~1+¢) are presented. The basic ideas of the proof are included in this
section.

To move toward the proof of Theorem 8.10, we write the sample error as

1 m
E(f) = Elfy) + &) — EG) = {E(a) -~ & <z,->}
i=1

1 m
+ {E ;sxz,-) - E<sz>}, (8.4)

where

g = (L0 =) = (L —y) and & := (£, =) = (L) —y)".

The second term on the right-hand side of (8.4) is about the random variable
& on Z. Sinceits mean E(§2) = £(f,) —E£(f,,) is nonnegative, we may apply the
Bernstein inequality to estimate this term. To do so, however, we need bounds
for Iy lloc-

Lemma 8.13 Forall y > 0,

Ik = vDW)/y and |fyllec < Ckv/D(y)/y-

Proof. Since f, is a minimizer of (8.2), we know that

VIR < EF) — EF) + VI Ik = D).

Thus, the first inequality holds. The second follows from || f, [lcc < Ckllfy k-
|

Proposition 8.14 For every 0 < § < 1, with confidence at least 1 — §,

1 & 4C2 1og(1/8
—Y 0@ —EE@) < (%(/)

i=1

+3M + 1>D(y)

N (24M? + 3M) log(1/9)

m

holds.

Proof. From the definition of &, it follows that

&= (f, 0 —LO)(fH®—y)+ (L& —y)}
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Almost everywhere, since |f, (x)| < M, we have

|§2| =< (”fy”oo +M)(||fy||oo + 3M) <c:= (”fy”oo + 3M)2.

Hence |£2(z) — E(&)] < B := 2c¢. Moreover, we have

E(£)) = E((fy @ — @) {(f, @ =) + (f,@) - y)}2>

< Ify =Fol 21y oo + 3M)?,

which implies that 62(52) < E(§22) < ¢D(y). Now we apply the one-side
Bernstein inequality in Corollary 3.6 to &;. It asserts that for any # > 0,

1 m
= &) —EE) <t
m

i=1
with confidence at least
1 —exp{—m—ﬂ} >1 —expi—m—tz}.
2(02(52) + %BI) ZC(D()/) + %t)
Choose * to be the unique positive solution of the quadratic equation

mi?

——— =logé.
2¢(D(y) + 31)

Then, with confidence 1 — §,

1 m
— Y &) —EE) <t*
m

i=1

holds. But

2
= %log(l/‘s)-F\/ (%Mg(l/a)) +2cmlog(1/8)7><y>) / m

Aot) s

3m

By Lemma 8.13, ¢ < 2C2D(y)/y + 18M?2. It follows that

2CxD
JJ2c10g(1/8)D(y) /m < \/1og(1/3)<% + 6M‘/D(y)/m>
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and, therefore, that

8C2 log(1/8 72M2 log(1/8 log(1/8)
< o) ) 21/9) | o, D)
3my 3m Jmy
3Mlog(1/é
+ ﬁ + 3MD(y).
m
This implies the desired estimate. |

The first term on the right-hand side of (8.4) is more difficult to deal with
because £; involves the sample z through f,. We use a result from Chapter 3,
Lemma 3.19, to bound this term by means of a covering number. For R > 0,
define Fp to be the set of functions from Z to R

Fr= {0 =) = (fo0) —3)°:f € Be}. (8.5)

Proposition 8.15 Foralle > 0and R > M,

Prob | sup E(f) = EUp) — (&) = &(fy)) < Vs
2e2" | feBr VE) —E(fp) +e

< 1 N B £ me
— ——— )expl———————¢ -
= P Cr+32R2 ) P T saCk +3)2R2

Proof. Cc%nsider the set .72-'R. Each function g € Fg has the form g(z) =
(fx) —y)" = (fpx) —y)” with f € Bg. Hence E(g) = £(f) — £(f,)
If =folI> = 0, Ex(g) = &(f) — &u(f,), and

8@ =@ —fLN{(f® —y) + (fL0) —y)}

Since ||f oo < Ckllfllk < CkR and |f,(x)| < M almost everywhere, we find
that
lg(@)| < (CkR +M)(CkR +3M) < ¢ := (CkR + 3M)~.

So we have |g(z) — E(g)| < B := 2c¢ almost everywhere.
In addition,

@) =E[¢ 0 =02 (F® =) + (50 = )]
< (CkR+3M)*If = £, I

Thus, E(g?) < cE(g) for each g € Fp.
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Applying Lemma 3.19 with ¢ = 4—11 to the function set Fg, we deduce that

sup E(f) — g(fp) - (EZ(f) - 5z(fp)) — sup E(g) — %Z:n:l g(zi) - \/E
feBg vV Ef) — g(fp) +¢ geFR vE(g) +¢ B
with confidence at least

me/16 me
I_N(TR’8/4)GXP{_ZC+ %B} > I—N(.}—R,E/ll-)exp{—m}.

Here we have used the expressions for ¢, B = 2c¢, and the restriction R > M.
What is left is to bound the covering number A (Fg, £/4). To do so, we note
that

(A =) = (A0 =) < i —Ale| (i) =) + (A& — )]

But [y| < M almost surely, and ||f|lcoc < Ck|lfllx < CkR for each f € Bg.
Therefore, almost surely,

(i) —y)2 — (LW —y)2| <2(M+ CkR)lfi = folloss Vfi.fo € Br.

Since an n/(2(MR+CKR2))-covering of By yields an n/(2(M + CkR))-
covering of Bg, and vice versa, we see that for any 7>0, an
n/(2(MR + CKRz))-covering of B; provides an n-covering of Fg. That is,

U
N(Fr.n) =N (B], m) , VYn>0. (8.6)

ButR > Mand2(1+Cg) < (Cgx + 3)2. So our desired estimate follows. W
Now we can derive the error bounds. For R > 0, denote
WR) :={zeZ": |fallk <R}

Proposition 8.16 Forall0 < § < 1 and R > M, there is a set Vg C Z™ with
p(VR) < & such that for all z € W(R) \ Vg, the regularized error E,(f) =
E(f) — E(f) + v I full% is bounded by

2(Ck +3)*R*v*(m.8/2) +

(—SC% 102(2/9) | gv 4 4)1)( )

N (48M? + 6M) log(2/3)

m
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Proof. Note that \/E(f) — E(f,) + ez < 3(E(f) — E(f,)) + e. Using the
quantity v*(m, 8), Proposition 8.15 with & = (Cx + 3)>R?v*(m, $) tells us that
there is a set VIQ C Z™ of measure at most % such that

E) = Efp) — (&) — &(fp) < 3(EF) — EF) + (Cx +3)*
R*v*(m,8/2), Nf € Br,z € Z™\ Vp.

In particular, when z € W(R) \ V3, fz € Bg and

1 m
E@E) - — D E1G) =Ef) — EU) — (Eulf) — Elfp)

i=1

= %(5(fz) - E(fp)) + (Ck + 3)*R*v*(m, 8/2).

Now apply Proposition 8.14 with § replaced by %. We can find another set
Vg C Z™ of measure at most % such that for allz € Z™ \ VY,

<4C%( log(2/9)
my

1 m
Y e —EE) = +3M+ 1)9@)
i=1

N (24M? + 3M) log(2/3)

m

Combining these two bounds with (8.4), we see that forallz € W(R)\ (VRUVY),

1
Ef) = &) + &) = EFy) =5 (E) =€) + (Ck +3)2R*v*(m,8/2)
N (40}( log(2/8)
my
N (24M? + 3M) log(2/3)

m

+3M + 1)7)()/)

This inequality, together with Theorem 8.3, tells us that for all z € W(R) \
(Ve UV,

1
Ef) —E) + v Ifillk < D) + E(E(fz) —&(f,) + (Ck +3)°

2
R*V*(m,8/2) + (M +3M + 1>D(y)
m

N (24M? + 3M) log(2/9)

m
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This gives the desired bound with Vg = V; U V. [ ]
To prove Theorem 8.10, we still need an R satisfying W(R) = Z™.

Lemma 8.17 Forall y > 0 and almost allz € Z™,

M
Ifzlx <= —=

=5

Proof. Since f; minimizes &, ,,, we have

1 m
VI < €0y () < 0y (0) = — 3 (i = 0)F < M,
i=1

the last almost surely. Therefore, ||f;llx < M/,/y for almostallz € Z™. W

Lemma 8.17 says that W(M/,/y) = Z™ up to a set of measure zero (we
ignore this null set later). Take R := M/,/y > M. Theorem 8.10 follows from
Proposition 8.16.

8.4 Proof of Theorem 8.1

In this section we improve the excess generalization error estimate of
Theorem 8.10. The method in the previous section was rough because we used
the bound || fz|lx < M/,/y shown in Lemma 8.17. This is much worse than
the bound for f,, given in Lemma 8.13, namely, |f, |x < vD(y)/./7. Yet we
expect the minimizer f; of &, to be a good approximation of the minimizer
fy of &,. In particular, we expect ||f;||x also to be bounded by, essentially,
VD(y)//v- We prove that this is the case with high probability by applying
Proposition 8.16 iteratively. As a consequence, we obtain better bounds for the
excess generalization error.

Lemma 8.18 For all0 < 6 < 1 and R > M, there is a set Vg C Z™ with
o (VR) < 8 such that

W(R) S W(amR + by) U VR,

where ay, == (2Cg + 5)/v*(m,§/2)/y and

2Ck,/2log(2/5 ™ 4+ 1),/21og(2/6
e (LD iy [P0 D)

Jy
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Proof. By Proposition 8.16, there is a set Vg C Z™ with p(Vg) < § such that
forallz € W(R) \ Vg,

8C2 log(2/8
VIl < 2(Ck + 322V (m, 5/2) + ( %(/)

+ 6M + 4>D(y)

N (48M? + 6M) log(2/9)

m

This implies that

Ifzllk < amR+ b, VzZ € W(R)\ Vg,

with a, and b, as given in our statement. In other words, W(R) \ Vg <
W(auR + by,). |

Lemma 8.19 Assume that K satisfies log N (By,n) < Co(1/n)*" for some
s> 0.Takey =m= S with < 1/(1 4+ s*). Forall0 < § < 1 and m > ms,
with confidence 1 —38/(1/(1 + s*) — )

Ifzllk < Cay/log(2/8)(vVD(y)/y + 1)

holds. Here Co» > 0 is a constant that depends only on s*,¢,Cg, Co, and M,
and ms € N depends also on 8.

Proof. By Lemma 8.9, when m > (108/Co)'* (log(2/8)) ™/,
v (m,8/2) < (108Co/m)"/ "+ (8.7)
holds. It follows that
an < (2Cx + 5)(108Co) /T e /2-1/0425%) (8.8)

Denote ¢ := (2Cx + 5)(108C0)1/(2+2‘Y*), When m > (1/(26))2/(5—1/(1%*))’
we have a,, < 1.

Choosem; := max{(log/co)l/s* (log(z/a))FH/s*’ (1/(26))2/({1/(1+S*))}.
Define a sequence {R") }jen by RO = M/,/y and, forj > 1,
RU) — amR(/—l) + by,

Then Lemma 8.17 proves W(R®) = Z”, and Lemma 8.18 asserts that for
eachj > 1, WRY™D) € W(RY) U V-1 with p(Vpi-1) < 8. Apply this
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inclusion for j = 1,2,...,J, with J satisfying 2/(1/(1 + 5%) — {) <J <
3/(1/(1 +s*) — ¢). We see that

J—1
Z" =WR?) c WRD)U Vo € --- S WRY)U (U va).
j=0

It follows that the measure of the set W(RY)) is at least 1 — J§ > 1 — 3
8/(1/(1 + s*) — ¢). By the definition of the sequence, we have

J—1
RY) = 4! RO 1 b, Z“]m < M/ i (6/2-17@+25) 4272 4 by <M+ by,
j=0
Here we have used (8.8) and a,, < % in the first inequality, and then the
restriction J > 2/(1/(14+s*) —¢) > ¢/(1/(1+5*) — ¢) in the second
inequality. Note that ¢/ < ((ZCK + 5)(108Cy + 1))3/(1/““*)_;). Since
y =m~%, b,, can be bounded as

by < ,/210g(2/5) <(2CK +V6M 1 4)/D(y)/y + ™M + 1).

Thus, RY) < C5,/log(2/8)(vD()/y + 1) with C, depending only on
s*,¢,Cg, Co, and M. [ |

Proof of Theorem 8.1 Applying Proposition 8.16 with R := C>,/log(2/8)

(./D(y)/y + l), and using that y, = m™¢ and D(y,) < yf||L,;9/2fp||2, we
deduce from (8.7) that for m > mgs and all z € W(R) \ Vg,

E(f) — E(fp) < 2(Ck + 3)>C3 log(2/8)2m* 1= (108Co) / (1H) =1/ (457
+ C)log(2/8)m=%¢
< Cslog(2/8)m™%

holds. Here Cé, C3 are positive constants depending only on s*, ¢, Cg, Co, M,
—6/2
and |Lg """ f5 .
By Lemma 8.19, the set WW(R) has measure at least 1 —38/(1/(1 4 s*) — ¢)

when m > ms. Replacing 38/(1/(1 + 5 — g“) + & (the last § from the
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bound on Vz) by & and letting C{, be the resulting C3, our conclusion
follows. ]

When s* — 0 and & — 1, we see that the convergence rate 6¢ can be
arbitrarily close to 1.

8.5 Reminders V

We use the following result on Lagrange multipliers.

Proposition 8.20 Let U be a Hilbert space and F,H be real-valued €'
Sfunctions on U. Let ¢ € U be a solution of the problem

min F(f)

s.t. H(f) <O.

Then, there exist real numbers |, A, not both zero, such that
UDF (c) + ADH (c) = 0. (8.9)

Here D means derivative. Furthermore, if H(c) < 0, then A = 0. Finally, if
either H(c) < 0 or DH(c) # 0, then u # 0 and % > 0. |

If u # 0 above, we can take i = 1 and we call the resulting A the Lagrange
multiplier of the problem at c.

8.6 Compactness and regularization

Letz = (z1,...,2m) With z; = (x;,y;)) € X xY fori = 1,...,m. We also

write X = (x1,...,X) andy = (y1,...,¥m). Assume that y # 0 and K[x] is

invertible. Let a* = K[x] "y, f*= Y1 | a’Ky,, and R = || f*||% = yK[x]"ly.
Let E;(y) and E,(R) be the problems

1 m
min - — 3 () = )% + vIf Ik

i=1

st. feHk
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and

1 m
min - — 3 (f (i) = i)

i=1

st.  feB(Hk,R),

respectively, where R, y > 0.

In Proposition 8.7 and Corollary 1.14 we have seen that the minimizers f; ,,
and f g of E,(y) and E,(R), respectively, exist. A natural question is, What is
the relationship between the problems E,(y) and E,(R) and their minimizers?
The main result in this section answers this question.

Theorem 8.21 There exists a decreasing global homeomorphism
Az :(0,+00) = (0,Ro)

satisfying

(i) forall y > 0, fy, is the minimizer of E;(A4(y)), and
(ii) for all R € (0,Ry), fz.r is the minimizer ofEZ(A;1 (R)).

To prove Theorem 8.21, we use Proposition 8.20 for the problems E, (R) with
U=Hk. F(f) = 237" (f(xi) —y)? and H(f) = || f||% — R. Note that

m

for x € X, the mapping

HK—>R
f=fo)={Kx

is a bounded linear functional and therefore €! with derivative K,. It follows
that F is €' as well and DF (f) = 2 37| (f (x;) — yi)Ky,. Also, H is ¢! and
DH (f) = 2f. Define

Az :(0,4+00) = (0,Rp)

Y = eyl

Also, for each R € (0, Rp), choose one minimizer f; g of E_Z(R) and let

Iz 2 (0,Ro) — (0, +00)
R — the Lagrange multiplier of E4(R) at Ja.r.
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Lemma 8.22 The function Ty, is well defined.

Proof. We apply Proposition 8.20 to the problem E,(R) and claim that f, g
is not the zero function. Otherwise, H(fzg) = H(0) <0, which implies
DF(fzgr) = DF(0) = —% " 1 viKy, = 0 by (8.9), contradicting the
invertibility of K[x].

Since f g is not the zero function, DH (fzgr) = 2fz.r 7# 0. Also, DF (fzr) =
% Yo (fur(xi) — yi)Ky;, # 0, since K[x] is invertible. By Proposition 8.20),
u # 0and A # 0. Taking u = 1, we conclude that the Lagrange multiplier A
is positive. |

Proposition 8.23
(1) Forally >0, fy,, is the minimizer ofE_z(Az(y)).
(i1) Let R € (0,Ry). Then fy R is the minimizer of E;(I'z(R)).

Proof. Assume that
1 & 1 &
= F@) =y < = Y (fay @) — i)’
e i

for some f € B(Hg, Az(y)). Then

1 & Lo
m ;(f(xi) - +yIfllx < -~ Z(fz,y(xz') R+ y Ag(y)?

i=1

1 m
= — > (ay G) =307 + ¥ lfay
i=1

contradicting the requirement that f; , minimizes the objective function of
E,(y). This proves (i).

For Part (ii) note that the proof of Lemma 8.22 yields u=1 and
A =Tz (R) > 0. Since f; g minimizes E,(R), by Proposition 8.20, fz.r satisfies

D(F + AH)(fur) = DF + AIf 1}) (fur) = 0;

that is, the derivative of the objective function of E, (1) vanishes at f; g. Since
this function is convex and E,(}) is an unconstrained problem, we conclude
that f g is the minimizer of E, (1) = E;(I'z(R)). |

Proposition 8.24 A, is a decreasing global homeomorphism with inverse I'.

Proof. Since K is a Mercer kernel, the matrix K[x] is positive definite by
the invertibility assumption. So there exist an orthogonal matrix P and a
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diagonal matrix D such that K[x] = PDP~'. Moreover, the main diagonal
entries di, . . ., d,,; of D are positive. Lety’ = P‘ly. Then, by Proposition 8.7,
foy = Y0, a;iKy, with a satisfying (ymld +D)P~'a = P~y = y'. It follows

that
/7 m
ply— ( Yi )
ym+d; i=1

and, using PT = P71,

2
Asy) = Ifay Ik = a"K[xla = (P~ a)TDPla = ( )
! 21: ym + d;

which is positive for all y € [0,400) since y # 0 by assumption.
Differentiating with respect to y,

m

1 v
Ay(y) =~ di——"— .
’ Ifey I ; ym+ dp)’

This expression is negative for all y € [0, +00). This shows that A, is strictly
decreasing in its domain. The first statement now follows since A, is continuous,
Az(0) = Ry, and A,(y) — 0 when y — oo.
To prove the second statement, consider y > 0. Then, by Proposition 8.23(i)
and (ii),
Joy =Jon,(y) = SaTaha(y)):

To prove that y = T'z(Az(y)), it is thus enough to prove that for y,y’ €
(0, 400), if fz,, = fz,, then y = y’. To do so, let i be such that yg # 0 (such
an i exists since y # 0). Since the coefficient vectors for f,, and f; , are the
same a with P~la = (y /(ym+ d,))l |» we have in particular

Vi i
ym+d;,  y'm+d;’

whence it follows that y = y'. [ |
Corollary 8.25 For all R < Ry, the minimizer f, g of E5(R) is unique.

Proof. Lety =TI';(R). Thenf, g = f,, by Proposition 8.23(ii). Now use that
fa, 1 unique. |

Theorem 8.21 now follows from Propositions 8.23 and 8.24 and
Corollary 8.25.
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Remark 8.26 Let E(y) and E(R) be the problems

min /Gm—w%m+ﬂﬂ@
st.  feHk

and

rmin /Um—w%m
st. f € B(Hg,R),

respectively, where R, y > 0.Denote by f,, and f their minimizers, respectively.
Also, let Ry =|fpllx if f, € Hg and R; =00 otherwise. A development
similar to the one in this section shows the existence of a decreasing global
homeomorphism

A2 (0,400) = (0,Ry)
satisfying

(i) forall y > 0, f, is the minimizer of E(A(y)), and
(i) for all R € (0,R1), fz is the minimizer of E(A~1(R)).

Here f is the target function f3y when H is I (Bg).

8.7 References and additional remarks

The problem of approximating a function from sparse data is often ill posed.
A standard approach to dealing with ill-posedness is regularization theory
[36, 54, 64, 102, 130]. Regularization schemes with RKHSs were introduced to
learning theory in [137] using spline kernels and in [53, 134, 133] using general
Mercer kernels. A key feature of RKHSs is ensuring that the minimizer of the
regularization scheme can be found in the subspace spanned by {K; }?" ;. Hence,
the minimization over the possibly infinite-dimensional function space Hg is
reduced to minimization over a finite-dimensional space [50]. This follows
from the reproducing property in RKHSs. We have devoted Section 2.8 to this
feature. It is extended to other contexts in the next two chapters.

The error analysis for the least squares regularization scheme was considered
in [38] in terms of covering numbers. The distance between f;,, and f, was
studied in [24] using stability analysis. In [153], using leave-one-out techniques,
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it was proved that
E (£(fuy) < <1+2C%<)2 inf {5(f)+ IIfIIZ}
—= ] in .
zeZm LY = my ) feHg v K

In [42, 43] a functional analysis approach was employed to show that for any
0 < § < 1, with confidence 1 — §,

CZ
E(fuy) — Ef] < Af/a’( (1 + %) (1 + ,/210g(2/5)>.

Parts (i) and (ii) of Proposition 8.5 were givenin [39]. Part (iii) with 1 < 6 < 2
was proved in [115], and the extension to 2 < 6 < 3 was shown by Mihn in
the appendix to [116]. In [115], a modified McDiarmid inequality was used to
derive error bounds in the metric induced by || ||x. If f, is in the range of L,
then, for any 0 < § < 1 with confidence 1 — 4,

1 /2,y _f,o”%( <C

~<(log(4/8))2>1/3 (log(4/5))2>1/3

by taking y = <

m
holds, where C is a constant independent of m and §. In [116] a Bennett
inequality for vector-valued random variables with values in Hilbert spaces
is applied, which yields better error bounds. If £, is in the range of L, then we
have

||fz,y—fp||ippzx <C (log(4/8))2 (1/m)*® by taking y = log(4/8) (1/m)'/3.

These results are capacity-independent error bounds. The error analysis
presented in this chapter is capacity dependent and was mainly done in [143].
When f, € Hk and s* < 2, the learning rate given by Theorem 8.1 is better
than capacity-independent ones.

A proof of Proposition 8.20 can be found, for instance, in [11].

For some applications, such as signal processing, inverse problems, and
numerical analysis, the data (x;)” | may be deterministic, not randomly drawn
according to px . Then the regularization scheme inf s ¢3¢, &2, (f) involves only
the random data (y;)" . For active learning [33, 81], the data (x;)! are drawn
according to a user-defined distribution that is different from px . Such schemes
and their connections to richness of data have been studied in [114].
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Support vector machines for classification

In the previous chapters we have dealt with the problem of learning a
function f : X — Y when Y =R. We have described algorithms producing an
approximation f; of f from a given sample z € Z" and we have measured the
quality of this approximation with the generalization error £ as a ruler.

Although this setting applies to a good number of situations arising in
practice, there are quite a few that can be better approached. One paramount
example is that described in Case 1.5. Recall that in this case we dealt with
a space Y consisting of two elements (in Case 1.5 they were 0 and 1).
Problems consisting of learning a binary (or finitely) valued function are
called classification problems. They occur frequently in practice (e.g., the
determination, from a given sample of clinical data, of whether a patient suffers
a certain disease), and they will be the subject of this (and the next) chapter.

Abinary classifier on acompact metric space X is a functionf : X — {1, —1}.
To provide some continuity in our notation, we denote ¥ = {—1, 1} and keep
Z =X x Y. Classification problems thus consist of learning binary classifiers.
To measure the quality of our approximations, an appropriate notion of error is
essential.

Definition 9.1 Let p be a probability distribution on Z:=X x Y. The
misclassification error R(f) for a classifier f : X — Y is defined to be the
probability of a wrong prediction, that is, the measure of the event { f (x) # y},

R(f) := Prob{f (x) # y} = / Prob(y # f(x) | x) dpx. ©.1)
14574 X YyeY

Our target concept (in the sense of Case 1.5)istheset 7 :={x € X | Prob{y =
1]x}> %}, since the conditional distribution at x is a binary distribution.

One goal of this chapter is to describe an approach to producing classifiers
from samples (and an RKHS Hg) known as support vector machines.

157
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fspzo

[ )

—

X\T

Figure 9.1

Needless to say, we are interested in bounding the misclassification error of
the classifiers obtained in this way. We do so for a certain class of noise-free
measures that we call weakly separable. Roughly speaking (a formal definition
follows in Section 9.7), these are measures for which there exists a function
fsp € Hg such that xe T <= fsp(x) > 0 and satisfy a decay condition near
the boundary of 7. The situation is as in Figure 9.1, where the rectangle is the
set X, the dashed regions represent the set 7', and their boundaries are the zero
set of fgp.

Support vector machines produce classifiers from a sample z, a real number
y > 0 (a regularization parameter as in Chapter 8), and an RKHS Hg. Let us
denote by F, , such a classifier. One major result in this chapter is the following
(a more detailed statement is given in Theorem 9.26 below).

Theorem 9.2 Assume p is weakly separable by H. Let By denote the unit ball
in Hg.

(1) Iflog N'(B1,n) < Co(1/n)? for some p,Cy > 0and all n > 0, then, taking
y = m~P (for some B > 0), we have, with confidence 1 — 8,

R(F,,) < C 1r1 2\’
(Fzy) < (E) <0g§> ,

where r and C are positive constants independent of m and §.
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(ii) Iflog N'(B1,1) < Co(log(1/n))? for some p,Co > 0 and all 0 < n < 1,
then, for sufficiently large m and some B > 0, taking y = m—P, we have,
with confidence 1 — §,

~ ( 1\ 2\?
R(Fzy) =C <_> (logm)? (log _> >
m 1)

where r and C are positive constants independent of m and §.

We note that the exponent S in both parts of Theorem 9.2, unfortunately,
depends on p. Details of this dependence are made explicit in Section 9.7,
where Theorem 9.26 is proved.

9.1 Binary classifiers

Just as in Chapter 1, where we saw that the real-valued function minimizing
the error is the regression function f,,, we may wonder which binary classifier
minimizes R. The answer is simple. For a function f : X — R define

1 if 0
sen(/)() = { -1 1f;8 i 0.
Also, let K, :={x € X : f,(x) = 0} and x, = px (K,).

Proposition 9.3
(i) For any classifier f,

R(f) = 3K + [x\x, Proby # £ (D)) dpx.
(ii) R is minimized by any classifier coinciding on X \ K, with

Je == sgn(fy).

Proof. Since Y = {1, -1}, we have f,,(x) = Proby(y =1 | x) — Proby (y =
—1 | x). This means that

1 if Proby(y=1]|x) > Proby(y=—1]x)
-1 if Proby(y =1 |x) < Proby(y = —1 | x).
9.2)

Je(x) = sgn(fp)(x) = {

For any classifier f and any x € K,,, we have Proby (y # f (x)|x) = % Hence
statement (i) holds.
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For the second statement, we observe that for x € X \ K, Proby (y = f¢(x) |
x) > Proby (y # f.(x) | x). Then, for any classifier f, we have either f (x) =
Je(x) or Prob(y # f(x) | x) = Prob(y = fe(x) | x) > Prob(y # fe(x) | x).
Hence R(f) > R(f.), and equality holds if and only if f and f, are equal almost
everywhere on X /K. n

The classifier f. is called Bayes rule.

Remark 9.4 The role played by the quantity «, is reminiscent of that played
by 03 in the regression setting. Note that k, depends only on p. Therefore,
its occurrence in Proposition 9.3(i) — just as that of 03 in Proposition 1.8 —is
independent of /. In this sense, it yields a lower bound for the misclassification
error and is, again, a measure of how well conditioned p is.

As p is unknown, the best classifier f,. cannot be found directly. The goal
of classification algorithms is to find classifiers that approximate Bayes rule f.
from samples z € Z™.

A possible strategy to achieve this goal could consist of fixing an RKHS Hg
and a y > 0, finding the minimizer f,, of the regularized empirical error (as
described in Chapter 8), that is,

1 m
oy = argmin — Y (F(x) —y)? + v I fll%s (9.3)
fry a;g?;anfx Yy vIfik

i=1

and then taking the function sgn( fz,,,) as an approximation of f... Note that this
strategy minimizes a functional on a set of real-valued continuous functions
and then applies the sgn function to the computed minimizer to obtain a
classifier.

A different strategy consists of first taking signs to obtain the set {sgn(f) |
f € Hk} of classifiers and then minimizing an empirical error over this set.
To see which empirical error we want to minimize, note that for a classifier
f:X—-Y,

R(f)=/ZX{f(x)¢y}d/0=/ZX{y:f<x>=—1}dP~

Then, for f € Hg satisfying f (x) # 0 almost everywhere,

Risgn(f)= / X(sen(f (x))y=—1} dp= / X(sgn( yf (0)=—1} dp= / Xiof () <0} dp-
V4 V4 Z
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By discretizing the integral into a sum, given the sample z = {(x;, y;))}*, € Z",
one might consider a binary classifier sgn(f), where f is a solution of

L
argmin — »  x(y,f () <0}
feHx M
F(0)£0 ac.

or, dropping the restriction that f (x) # 0 a.e. for simplicity,

IR
argmin — X{yif () <0} (9.4)

Note that in practical terms, we are again minimizing over Hg. But we are
now minimizing a different functional.

It is clear, however, that if f is any minimizer of (9.4), so is af forall« > 0.
This shows that the regularized version of (9.4) (regularized by adding the term
y |[f||%< to the functional to be minimized) has no solution. It also shows that
we can take as minimizer a function with norm 1. We conclude that we can
approximate the Bayes rule by sgn(fzo), where fzo is given by

1
fzo = arg;l;m - Z X(vif (xi) <0} - 9.5)
fe j—
ifik=1

We show in the next section that although we can reduce the computation
of £ to a nonlinear programming problem, the problem is not a convex one.
Hence, we do not possess efficient algorithms to find fzo (cf. Section 2.7). We
also introduce a third approach that lies somewhere in between those leading to
problems (9.3) and (9.5). This new approach then occupies us for the remainder
of this (and the next) chapter. We focus on its geometric background, error
analysis, and algorithmic features.

9.2 Regularized classifiers

A loss (function) is a function ¢ : R — R,. For (x,y) € Zandf : X — R, the
quantity ¢ (yf (x)) measures the local error (w.r.t. ¢). Recall from Chapter 1 that
this is the error resulting from the use of f* as a model for the process producing
y from x. Global errors are obtained by averaging over Z and empirical errors
by averaging over a sample z € Z™.
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Definition 9.5 The generalization error associated with the loss ¢ is defined as

E9(f) = / 6 0f () dp.
Z

The empirical error associated with the loss ¢ and a sample z € Z™ is defined as
1 m
) = 21 ¢ if (x)-
=

If f € Hk for some Mercer kernel K, then we can define regularized versions
of these errors. For y > 0, we define the regularized error

&)= [ o0reds+ I

and the regularized empirical error
l m

Eby () = — _leqs(yif(xl-)) +yIFI%.
=

Examples of loss functions are the misclassification loss

0 if t>0

‘Wt)z{ 1 ifr<o0

and the least-squares loss ¢is = (1 — t)%. Note that for functions f : X — R
and points x € X such that f(x) # 0, poQf (x)) = X{yssen(r(x))}; that is, the
local error is 1 if y and f(x) have different signs and O when the signs are
the same.

Proposition 9.6 Restricted to binary classifiers, the generalization error w.r.t.
o is the misclassification error R; that is, for all classifiers f,

R(f) = EN ().

In addition, the generalization error w.rt. ¢\ is the generalization error &.
Similar statements hold for the empirical errors.

Proof. The first statement follows from the equalities

R() Z/ZX{yf(x)=—l}d,0 =/Z¢O()’f(x))dp=g¢0(f)‘
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For the second statement, note that the generalization error £(f) of f
satisfies

E(f) = /Z(y _f(x))2 dp = /Z(l —yf(x))zd,o _ g‘f’ls(f)’

since elements y € ¥ = {—1, 1} satisfy y> = 1 and therefore

G—f@) =0y =y A -y =0-yx) i

Recall that Hg, is the finite-dimensional subspace of Hg spanned by
{Ky,...,Kx,}and P : Hg — Hkg , is the orthogonal projection. Corollary 2.26
showed that when 'H = Ix (Br), the empirical target function f, for the regression
problem can be chosen in Hg 5. Proposition 8.7 gave a similar statement for the
regularized empirical target function f, ,, (and exhibited explicit expressions for
the coefficients of f,, as a linear combination of {Ky,, ..., Ky,}). The proofs
of Proposition 2.25 and Corollary 2.26 readily extend to show the following
result.

Proposition 9.7 Let K be a Mercer kernel on X, and ¢ a loss function. Let also
BCHk,y >0,andz € Z". Iff € Hg is a minimizer ofgf in B, then P(f) is
a minimizer of 5;” in P(B). If, in addition, P(B) C B and Ef can be minimized
in¢B, then such a minimizer can be chosen in P(B). Similar statements hold for
Ery- |

We can use Proposition 9.7 to state the problem of computing fz0 as a
nonlinear programming problem.

Corollary 9.8 We can take

1
£ := argmin — E X{yif (xi) <0}
feHka i=1
k=1

Proof. Let f, be a minimizer of £ (f) = % Yol Xy G <0y in Hyg N A{f |
If lx = 1}. By Proposition 9.7, P(f;) € Hg . satisfies Sf"(f*) = EfO(P(f*)).
If P(f.) # 0, we thus have E°(f,) = gh (P(f)/IP(f) k), showing that a
minimizer exists in Hg , N {f | |If lx = 1}.
If P(f,) = 0, then g (fe) = &M (0) = 1, the maximal possible error. This
means that for all f € Hg, E°(f) = 1, so we may take any function in

HrzN{f | If Ik = 1} as a minimizer ofc‘,’fo. |
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Proposition 9.7 (and Corollary 9.8 when ¢ = ¢¢) places the problem of
finding minimizers of 5? or Ezdf y in the setting of the general nonlinear
programming problem. But we would actually like to deal with a programming
problem for which efficient algorithms exist — for instance, a convex
programming problem. This is not the case, unfortunately, for the loss
function ¢y.

Remark 9.9 Take ¢ = ¢o and consider the problem of minimizing Ef on
{f € Hk | IIfllx = 1}. By Corollary 9.8, we can minimize on {f € Hg, |
IIf lx = 1} and take

m
0
‘fz = Z CZ‘[KXja
j=1

where

I R
¢z = (cz1,...,Cqm) = argmin — ZX

ceRmM m i1
cTK[x]e=1 -

{Z}":l C_/)‘iK(Xi,Xj)<0}'

Since S,"g_l = {c € R" | ¢TK[x]c = 1} is not a convex subset of R™ and
X{3™, ¢jyiK (x:.x7) <0) Ay not be a convex functionof ¢ € S}?_l, the optimization
J= i 1>

problem of computing c; is not, in general, a convex programming problem.

We would like thus to replace the loss ¢ by a loss ¢ that, on one hand,
approximates Bayes rule — for which we will require that ¢ is close to
the misclassification loss ¢9 — and, on the other hand, leads to a convex
programming problem. Although we could do so in the setting described in
Chapter 1 (we actually did it with fzO above), we instead consider the regularized
setting of Chapter 8.

Definition 9.10 Let K be a Mercer kernel, ¢ a loss function, z € Z", and
y > 0. The regularized classifier associated with K, ¢, z, and y is defined as
sgn (fz({’y ), where

1) . 1 - 2
Zy ‘= — D)) +yifillx - (9.6)
1 argrmin m;«;ﬁ(yu‘x )+ rIflI%

Note that (9.6) is a regularization scheme like those described in Chapter 8.
The constant y > 0 is called the regularization parameter, and it is often
selected as a function of m, y = y (m).
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Proposition 9.11 If ¢ : R — R, is convex, then the optimization problem
induced by (9.6) is a convex programming one.

Proof. According to Proposition 9.7, fzﬁ, = Z;":l czjKy;, where

. 1 m m
€2 = (Cp1-- ., Cgpn) = argmin - Z(ﬁ nyK(xi,Xj)Cj

ceRm s \y=1

m
+vy Z CiK(xi,Xj)Cj.
ij=1

Foreachi = 1,...,m, ¢ (ij=1 yiK(xi,xj)cj) = ¢(y'K[x]c) is a convex
function of ¢ € R™. In addition, since K is a Mercer kernel, the Gramian matrix
K[x] is positive semidefinite. Therefore, the function ¢ +— c¢TK[x]c is convex.
Thus, ¢, is the minimizer of a convex function. | |

Regularized classifiers associated with general loss functions are discussed
in the next chapter. In particular, we show there that the least squares loss ¢g
yields a satisfactory algorithm from the point of view of convergence rates in
its error analysis. Here we restrict our exposition to a special loss, called hinge
loss,

on(0) = (1 — 1) = max{l — £,0}. 9.7)

The regularized classifier associated with the hinge loss, the support
vector machine, has been used extensively and appears to have a small
misclassification error in practice. One nice property of the hinge loss ¢p, not
possessed by the least squares loss ¢g, is the elimination of the local error
when yf (x) > 1. This property often makes the solution ff; of (9.6) sparse
in the representation fz({’]*) = Z:": 1 ¢z,iKy;. That is, most coefficients cz; in this
representation vanish. Hence the computation of fz‘pﬁ can, in practice, be very
fast. We return to this issue at the end of Section 9.4.

Although the definition of the hinge loss may not suggest at a first glance
any particular reason for inducing good classifiers, it turns out that there
is some geometry to explain why it may do so. We next disgress on this
geometry.
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9.3 Optimal hyperplanes: the separable case

Suppose X € R" and z = (z1,...,2y) is a sample set with z; = (x;,y;),
i =1,...,m. Then z consists of two classes with the following sets of indices:
I={ |y =1}and I = {i | y; = —1}. Let H be a hyperplane given by

w-x = bwithw € R", ||w|| = 1,and b € R. We say that I and II are separable
by H when, fori =1,...,m,

w-x;>b ifiel
w-xi<b if i ell.

That is, points x; corresponding to I and II lie on different sides of H. We
say that I and II are separable (or that z is so) when there exists a hyperplane
H separating them. As shown in Figure 9.2, if w is a unit vector in R”, then
the distance from a point x* € R” to the plane w - x = 0 is [|x*||| cosf| =
Iwllllx*||| cos 6] = |w-x*|. Forany b € R, the hyperplane H givenby w-x = b
is parallel to w - x = 0 and the distance from the point x* to H is |w - x™ — b|.
When w - x* — b < 0, the point x* lies on the side of H opposite to the
direction w.

If I and IT are separable by H, points x; with i € Isatisfy w-x; —b > 0 and the
point(s) in this set closest to H is (are) at a distance by(w) := min;c{w-x;—b} =
min;cy w-x;—b. Similarly, points x; withi € IIsatisfy w-x;—b < 0and the points
in this set closest to H is (are) at a distance byy(w) := — maX;ep{w - x; — b} =
b — maX;erp w - X;.

If we shift the separating hyperplane to w - x = c(w) with

c(w) = % minw - x; + maxw - x; ¢,
iel iell

Figure 9.2
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these distances become the same and equal to

Aw) = % minw - x; — maxw - x;
i€l iell

= 3{biw) + b + (bu(w) — b)}
= H{biw) + bu(w)} > 0.

Therefore, the two classes of points are separated by the hyperplane w - x = c(w)
and satisfy

w-x; —c(w) > minjegw - x; — c(w)
= 4 {minjerw - x; — maxjenw - x;} = A(w)  ifiel
w-x; —c(w) < maxjeg w - x; — c(w)

= % {maxjep w - x; — minjeyw - x;} = —A(w) if i € IL

Moreover, there exist points from z on both hyperplanes w - x = c(w) £ A(w)
(see Figure 9.3).

The quantity A(w) is called the margin associated with the direction w, and
the set {x | w - x = c(w)} is the associated separating hyperplane.

Different directions w induce different separating hyperplanes. In Figure 9.3,
one can rotate w such that a hyperplane with smaller angle still separates
the data, and such a separating hyperplane will have a larger margin
(see Figure 9.4).

Figure 9.3



168 9 Support vector machines for classification

Figure 9.4

Any hyperplane in R” induces a classifier. If its equation is w-x — b = 0, then
the function x — sgn(w - x — b) is such a classifier. This reasoning suggests
that the best classifier among those induced in this way may be that for which
the direction w yields a separating hyperplane with the largest possible margin
A(w). Given z, such a direction is obtained by solving the optimization problem

max A(w)
Iwli=1
or, in other words,
max % {minw»ci— max w~xl~}. 9.8)
Iwl=1~ {yi=!1 yi=—

If w* is a maximizer of (9.8) with A(w*) > 0, then w* - x = c(w™) is called the
optimal hyperplane and A(w*) is called the (maximal) margin of the sample.

Theorem 9.12 If z is separable with 1 and II both nonempty, then the
optimization problem (9.8) has a unique solution w*, A(w*) > 0, and the
optimal separating hyperplane is given by w* - x = c(w™).

Proof. The function A : R" — R defined by

Aw) = % {minw - X; — max w -xi}

yi=1 yi=—1

=minw -X; + minw - X;,
iel iell
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where
~ { Ixi if yi=1
Xi = 1 .
— 5% if yi=—1,
is continuous. Therefore, A achieves a maximum value over the compact set
{w e R" | ||w| < 1}. The maximum cannot be achieved in the interior of this

set; for w* with ||w*|| < 1, we have

w* . w* ~ . w* ~ 1 * *
A =min —— - X; + min —— - X; = AWw™) > A(w™).
[w*]l el [lw¥]| iell [|w| lw*]l

Furthermore, the maximum cannot be attained at two different points.
Otherwise, for two maximizers wi‘ * w%‘ , we would have, for any i € I and
jell,

wi X+ wl X = AW, wy X+ w; X = Awy) = Aw)),
which implies
e L) %+ (s + wz) % > Awd)
W1 T gWa ) i W1 T I ) X2 1)

That is, (%w]“ + %w’;) would be another maximizer, lying in the interior, which

is not possible. |

For the optimal hyperplane w* - x = c(w*), all the vectors x; satisfy
yiw* - xi —c(w®)) = Aw")

no matter whether y; = 1 or y; = —1. The vectors x; for which equality holds
are called support vectors. From Figure 9.4, we see that these are points lying on
the two separating hyperplanes w* - x = c(w*) £ A(w*). The classifier R" — Y
associated with w* is given by

X > sgn (w* X — c(w*)) )

9.4 Support vector machines

When z is separable, we can obtain a classifier by solving (9.8) and then taking,
if w* is the computed solution, the classifier x — sgn(w* - x — c(w*)). We can
also solve an equivalent form of (9.8).
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Theorem 9.13 Assume (9.8) has a solution w* with A(w*) > 0. Then w* =
w/||wl|l, where W is a solution of

min lw]|?
weR", beR 9.9)

s.t. yviw-xi—b)y>1, i=1,...,m.

Moreover, A(W*) = 1/||w|| is the margin.
Proof. A minimizer (w, E) of the quadratic function ||w K subject to the linear

constraints exists. Recall that

Aw) = % minw-Xx; — max w-X; .
yi=l1 yi=—1

Then
( W ) 1 (W b
Al = )=z{min| = -xj — —
Iwll 2 |yi=1 \ W]l Iwll
W b 1
—max | — X — —(=— Z =
yi==1\ W]l Iwll Iwll
since W - x; —ZZ 1 wheny; = 1,and w - x; —35 —1 when y; = —1.
We claim that A(wg) < 1/||w] for each unit vector wy. If this is so, we
can conclude from Theorem 9.12 that A (w/||w]) = 1/||w|| = A(w™*) and
wh =w/|w].

Suppose, to the contrary, that for some unit vector wyg € R, A(wg) > 1/||w||
holds. Consider the vector w = wg/A(wp) together with

1 .
5 (miny,—1 wo - x; + maxy,— | wo - x;)

b=2
A(wo)

They satisfy

1 .
wo - Xi — 5 (miny,—1 wo - X; + max,,— | wo - x;)

w - Xi — b=
A(wo)
1 ify=1
and
) WO~ 1 (miny,— wo - x; + maxy,—_ wo - x;j)
Wexj—b= '
! A(wo)

<—1 if yy=—1.
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But |w]|? = [[woll?/A(wo)? = 1/A(wo)? < ||w||?, which is in contradiction
with W being a minimizer of (9.9). [ ]

Thus, in the separable case, we can proceed by solving either the optimization
problem (9.8) or that given by (9.9). The resulting classifier is called the hard
margin classifier, and its margin is given by A (w*) with w* the solution of (9.8)
or by 1/||w|| with w the solution of (9.9).

It follows from Theorem 9.12 that there are at least n support vectors. In most
applications of the support vector machine, the number of support vectors is
much smaller than the sample size m. This makes the algorithm solving (9.9)
run faster.

Support vector machines (SVMs) consist of a family of efficient classification
algorithms: the SVM hard margin classifier (9.9), which works for separable
data, the SVM soft margin classifier (9.10) for nonseparable data (see next
section), and the general SVM algorithm (9.6) associated with the hinge loss
¢n and a general Mercer kernel K. The first two classifiers can be expressed
in terms of the linear kernel K(x,y) = x -y + 1, whereas the general SVM
involves general Mercer kernels: the polynomial kernel (x -y + 1)¢ withd € N
or Gaussians exp{—||lx — yl?/o2} with o > 0. These SVM algorithms share a
special feature caused by the hinge loss ¢p: the solution fz?; =y criKy
often has a sparse vector of coefficients ¢; = (¢ 1, - - . , ¢z.m), Which makes the
algorithm computing ¢, run faster.

9.5 Optimal hyperplanes: the nonseparable case

In the nonseparable situation, there arenow € R" and b € R such that the points
inz can be separated in to two classes withy; = 1 andy; = —1 by the hyperplane
w - x = b. In this case, we look for the soft margin classifier. This is defined by
introducing slack variables & = (&1, ...,&,) and considering the problem

: 2
min wl| —|— — &
weR”, beR, EcR™ Z !

s.t. yilw - xl_b) 21—&'
E>0, i=1,....m

(9.10)

Here y > 0 is a regularization parameter. If (vT/,Z, '5) is a solution of (9.10),

then its associated soft margin classifier is defined by x > sgn(w - x — Z).
The hard margin problem (9.9) in the separable case can be seen as a special

case of the soft margin one (9.10) corresponding to % = 00, in which case all

solutions have E =0.
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We claimed at the end of Section 9.2 that the regularized classifier associated
with the hinge loss was related to our previous discussion of margins and
separating hyperplanes. To see why this is so we next show that the soft
margin classifier is a special example of (9.6). Recall that the hinge loss ¢p, is
defined by

én() = (I — 1)y = max{l —,0}.

If (w, b é) is a solution of (9 10), then we must have E, =1 —y(Ww-xi— Z))Jr;
that is, %‘l oh(yi(w - x; — b)) Hence, (9.10) can be expressed by means of the
loss ¢n as

min Z«ph(y,(w xi = b)) +ywl*.

weR", beR m

If we consider the linear Mercer kernel K on R x R" given by K (x,y) = x -y,
then Hx = {w-x | x € R"}, [K,[% = [wl]|?, and (9.10) can be written as

feglgeR - Z(ﬁh(yz(f(xz) b)) +vIflk- .11

The scheme (9.11) is the same as (9.6) with the linear kernel except for the
constant term b, called offset. !

One motivation to consider scheme (9.6) with an arbitrary Mercer kernel is
the expectation of separating data by surfaces instead of hyperplanes only. Let
f be a function on R", and f (x) = 0 the corresponding surface. The two classes
I and II are separable by this surface if, fori = 1,...,m,

fxi)>0 ifiel
fxi) <0 if i ell;

that is, if y;f (x;) > O fori = 1,...,m. This set of inequalities is an empirical
version of the separation condition “yf (x) > 0 almost surely” for the probability
distribution p on Z. Such a separation condition is more general than the
separation by hyperplanes. In order to find such a separating surface using
efficient algorithms (convex optimization), we require that the function f lies
in an RKHS Hg. Under such a separation condition, one may take y = 0 and
algorithm (9.6) corresponds to a hard margin classifier. This is the context of
the next two sections, on error analysis.

1 We could have considered the scheme (9.11) with offset. We did not do so for simplicity of
exposition. References to work on the general case can be found in Section 9.8.
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9.6 Error analysis for separable measures

In this section we present an error analysis for scheme (9.6) with the hinge loss
én(t) = (1 — t)4 for separable distributions.

Definition 9.14 Let Hg be an RKHS of functions on X, and p a probability
measure on Z = X x Y. We say that p is strictly separable by Hx with margin
A > 0 if there is some fsp € H such that ||fspllx = 1 and yfsp(x) > A almost
surely.

Remark 9.15
(i) Even under the weaker condition that yfsp(x) > 0 almost surely (which
we consider in the next section), we have y = sgn(fgp(x)) almost surely.
Hence, the variance 03 vanishes (i.e., p is noise free) and so does k.
(ii) As a consequence of (i), fo = sgn(fsp).
(iii) Since fgp is continuous and |fsp(x)| > A almost surely, it follows that if p
is strictly separable, then

px (TNX\T) =0,

where T = {x € X | f.(x) = 1}. This implies that if X is connected,
px (T) > 0,and px (X \T) > 0, then p is degenerate. The situation would
be as in Figure 9.5, where the two dashed regions represent the support of
the set T', those with dots represent the support of X \ 7', and the remainder
of the rectangle has measure zero (for the measure py ).

Figure 9.5
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Theorem 9.16 If p is strictly separable by Hg with margin A, then, for almost
everyz € Z",
GOSN
and |3l < %
Proof. Since fop/A € Hg, we see from the definition of ffﬁ that

2

fsp

1
EPGIY + I < & (% +v |

K
But y(fsp(x)/A) > 1 almost surely, that is, 1 — y(fsp(x)/A) < 0, so we have
bh (y(fsp(x) / A)) = 0 almost surely. It follows that 5;’5 h (fsp / A) =0. Since

Ifsp/ A = 1742,

4
EX D + VIR < 15

holds and the statement follows. |

The results in Chapter 8 lead us to expect the solution fz‘pﬁ of (9.6) to satisfy
Eon (fz‘{’)’)) — (), where £ is a minimizer of £, We next show that

this is indeed the case. To this end, we first characterize fp¢h. For x € X, let
Ny := Proby(y =1 | x).

Theorem 9.17 For any measurable functionf : X — R

EM(f) = EM(f.)

holds.
That is, the Bayes rule f, is a minimizer fp¢h of £,

Proof. Write E1(f) = [, ®n(f (x)) dpx, where

Ph (1) = /Y¢h(yt) dp(y [ x) = (D1 + Sn (=) (1 — ).

When ¢ = f.(x) € {1,—1}, for y = f.(x) one finds that yr = 1 and ¢n(yt) = 0,
whereas for y = —f.(x) # fo(x), yt = —1 and ¢ (y7) = 2. So fY dhO) dp(y |
x) = 2Prob(y # fe(x) | x) and Pp x(fc(x)) = 2Prob(y # fe(x) | x).
According to (9.2), Prob(y # fe(x) | x) < Prob(y = s | x) for s = £1.
Hence, ®p (fo(x)) < 2Prob(y = s | x) forany s € {1, —1}.
If 1 > 1, then ¢n(r) = 0 and Pp (1) = (1 + (1 — 1) = 2(1 —1nx) =
P (fo (1))
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If 7 < —1, then ¢n(—1) = 0 and Op, (1) = (1 — O)nx > 21y > P (fe(X))-
If —1<t<l1, then ®p,()=(1 — O+ + DA — n=1 — 1)

FPp(f(0)) + (1 + D)5 Pp (e () = Ph(fo(¥)).
Thus, we have ®p (1) > Pp (f-(x)) for all # € R. In particular,

£ (f) = /X Br (f () dpx = /X O (S dpx = EM(f). W

When p is strictly separable by Hg, we see that sgn(y fsp(x)) = 1 and hence
¥y = sgn(fsp(x)) almost surely. This means f.(x) = sgn(fsp(x)) and y = f.(x)
almost surely. In this case, we have £ (f.) = fZ(l —yfe(x))+ = 0. Therefore,
we expect E%n (fz({);) — 0. To get error bounds showing that this is the case we
write

EMfIny = eM(£In) — eI + EN (D) < EMET) — EPN AT + é

(9.12)

Here we have used the first inequality in Theorem 9.16. The second inequality
of that theorem tells us thatfz(?)') liesin the set {f € Hk | || fllx < 1/A}. So

it is sufficient to estimate £ (f) — Ef " (f) for functions f in this set in some
uniform way. We can use the same idea we used in Lemmas 3.18 and 3.19.

Lemma 9.18 Suppose a random variable & satisfies 0 < & < M. Denote
u=E(E&). Foreverye > 0and0 < a <1,

_1lym . 2
Prob{“  2ie1 § (@) 20[«/5} Sexp{—Sa ms}

zeZM NITE M

holds.

Proof. The prooffollows from Lemma 3.18, since the assumption0 < & < M
implies |& — 1| < M and E(£%) < ME(¥). [ ]

Lemma 9.19 Let F be a subset of ¢ (X) such that |f |l¢x) < Bforallf € F.
Then, for every e > 0and 0 < a < 1, we have

EM(f) = E"(f) 3a?me
i e B o )

Proof. Let {fi,...,fv} be an ag-net for F with N = N (F,ag). Then, for
each f € F, there is some j < N such that ||f — fillyx) < a&. Since

¢n is Lipschitz, |¢pn(t) — ¢n(¥)| < |t — ¢| for all £,/ € R. Therefore,
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ln(yf () — dn(y D] < IIf = fillgx) < ae. It follows that [E%(f) —
EM(f)| < ae and |EN(F) — EJ"(f)| < ae. Hence,

£ (f) — 5¢h<m| £ () — EP ()
d
,/5¢h(f)+£ \/E an \/S‘Ph(f)—l—é‘ 505\/5

Also,

VERU) +e < JEM(P) et E(f) — Em(f)

< JEN() et \[IEM () — Em()I.

Since o < 1, we have |E/(f) — EM(f)| < & < e + EPM(f) and then

\/g¢h(ﬁ)+e < 2\/8¢’h(f)+s. (9.13)
Therefore,

EM) —EN) _END —EMG | E) - &)
VER() +e VEN(D+e  JEN( te
ENUD —EMUD oy ey EMU) — EN)
VEN(f) +e VEM(F) + ¢

It follows that if (£ (f) — th(f))/\/fd’h(f) + &) > 4a./e for some f € F,
then

EM(f) — E" ()

VE(f) + ¢

This, together with (9.13), tells us that

> 201\/5.

EN —ENDD e

JEM(F)+e

Thus,
EMf) — EN(f)
Prob — = - >4
zergm {;;‘2 En(f)+e /e

@ B ¢h

JEM(f) + e
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The statement now follows from Lemma 9.18 applied to the random variable
& = ¢n(yfix), forj = 1,...,N, which satisfies 0 < & < 1 + || fillgx) <
1 +B. |

We can now derive error bounds for strictly separable measures. Recall that
By denotes the unit ball of H as a subset of € (X).

Theorem 9.20 If p is strictly separable by Hy with margin A, then, for any
0<é§<1,

2
£ < 26%(m, 8) + A—Vz

with confidence at least 1 — 8, where £*(m, 8) is the smallest positive solution
of the inequality in €

A 3
log ' (31, _8) me

< logs.
1 8

1281 + Cx/A) —
In addition,

() Iflog N'(B1,1) < Co(1/n)P for some p, Cy > 0, and all n > 0, then

log(1/$) Cl/a+p)
—
m

ANP/AH+D) N\ 1/4)
)G

(ii) Iflog N'(B1,1n) < Co(log(1/n))? for some p,Cy > 0 and all 0 < n < 1,
then, for m > max{4/A, 3},

£*(m,8) < 86(1 + Cg/A) max {

e*(m,8) <

4
(1°gm_m) {1443(1 4+ Cx/A)(27Co +log(1/8))} .

Proof. We apply Lemma 9.19 to the set F={f e Hx || fllx < %}. Each
functionf € F satisfies || f l¢x) < Ck I fllx < Cg/A.By Lemma9.19, for any

0 <« < 1, with confidence atleast 1 -\ (F, ae) exp {—3a?me /(8(1 + Ck /A))},
we have

EM(F) —EP(S)

sup < 4a/s.
feF JEWM(f) +e
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In particular, the function fzq?; , which belongs to F by Theorem 9.16, satisfies

Em(fIny — el ()
EM(SI) + ¢

< 4a\/5.

This, together with (9.12), yields

14
EM(F) < dav/e eI +e+ L.
If we denote t =/ £/ (fz({);) + ¢, this inequality becomes

t2—4a\/gt—(8+%>§0.

Solving the associated quadratic equation and taking into account that

t=,/E% (fz‘fb;) + ¢ > 0, we deduce that

ofrszaﬁ+\/(2aﬁ>2+e+§.

Hence, using the elementary inequality (a + b)> < 24> + 2b*, we obtain

2y
E.

14

EM(II) = e < 24a’e)+2 (Qave) + e + E)—s = 1602 c+e+

Set « =% and £ =&*(m,8) as in the statement. Then the confidence 1 —

J\/(]—",ozs)exp{—3oe2ms/(8(1 + Ck/A))} is at least 1 — 8, and with this
confidence we have

2y
EM(ID) < 26%(m, 8) + =5
(1) Iflog N'(B1,n) < Co(1/n)P, then £*(m, §) < &*, where &* satisfies

c 4 \? 3me loe s
_— _— = 10 .
0\ Ae 12801+ Cx/A) 8

This equation can be written as

128(1 + Cg /A 1 128(1 + Cx/A)Co [ 4\
o 12800+ Ck/ )log_gp_ (1+Cg/A) 0(_) _o.

3m 3m A
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Then Lemma 7.2 with d = 2 yields

256(1 + Cx/A) | 1

(o) >
3m 1)

(256(1 + CK/A)Co)”‘””) (i)”/“ﬂ’) m—1/<1+p>}
3 A '

e*(m,8) < &* < max {

(ii) If log N'(B1,n) < Co(log(1/n))?, then £*(m, §) < &*, where &* satisfies

co(10g 1Y 3me = log 8
0\ "8 Ae 12801 + Cx/A) 8%

The function h:R; — R defined by h(e)=Cp <log %)p — 3me/
(128(1 4+ Cg/A)) is decreasing. Take

{ (2PCo + 1og(1/6))128(1 + Cg/A) }
A = max 3 1

and ¢ = A(logm)” /m. Then, for m > max{4/A, 3},

A(log my? 1 4
——— > — and log— + logm < 2logm.
m m A

It follows that

A <A(10g m)P

4 P 1
< Cp | log Z +logm | — (logm)? | 2°Cy + log
m

P
b ]
< —(logm) 1og3 <logsé.

Since h is decreasing, we have

4
< Alogm)?. -

m

e*(m,8) < ¢&*

In order to obtain estimates for the misclassification error from the
generalization error, we need to compare R with £, This is simple.

Theorem 9.21 For any measure p and any measurable functionf : X — R,

R(sgn(f)) — R(fo) < EM(f) — EM(f.).
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Proof. Denote X, = {x € X | sgn(f)(x) # f.(x)}. By the definition of the
misclassification error,

R(sgn(f)) —R(fe) = /X Pryob(y # sgn(f)(x) | x)
- Pr;)b(y # fe(x) | x)dpx.
For a point x € X., we know that Proby (y # sgn(f)(x) | x) = Proby(y =
Je(x) | x). Hence, Proby (y # sgn(f)(x) | x) — Proby (y # fe(x) | x) = fp(x)

or —f, (x) according to whether f, (x) > 0. It follows that | f,(x)| = Proby (y =
fe(x) | x) — Proby (y # f-(x) | x) and, therefore,

Resen(f)) = R(f.) = fX 1o @) dox. 0.14)

By the definition of ¢p,

0 if y=Ff,
h(yfe(0) = (1 = yfe(0)4 = { ) ;f i 7&;8

Hence &EM(f)= [y [y dn(yfe@)dp(ylx)dpx = [y 2Proby(y #f(x)|x)

dpx. Furthermore, £ (f)= [, [y én(yf(x))dp(ylx)dpx. Thus, it is
sufficient for us to prove that

fyq&h(yf(x))dp(ylx) - 2PrY0b(y FfxX) = [fp()],  Vx € Xe. (9.15)
We prove (9.15) in two cases.
If |f(x)]>1, then xe€ X, implies that sgn(f(x)) #f.(x) and ¢pn(—f.(x)
f(x)) = 0. Hence,
/beh(yf(x))dp(yIX) = ¢h(ﬂr(X)f(x))PrY0b(y = fe(x)|x)
= (1 —fc(X)f(X))Pryob(y = fe(0)|x).
Since —f.(x)f (x) = | f (x)| > 1, it follows that

/chh(yf(X))dp(yIX) — 2Prob(y # fe(x)|x)

= A+ 1f®D <Pry0b(y = fe(X)lx) — Prob(y 7 fe(x) IX)>
= {1+ [f QDI = [fp ()l
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If | f(x)] <1, then

/Y (3 (W) dp (1) — 2PIOb(y # fe(x) 1)
= (1= e () Prob(y = o) + (1 + o) () Prob(y # £e() 1)
~ 2Prob(y # /()1

= Prob(y = fe(x)lx) — Prob(y # fc (x) x)

+ /e O)f (x) (Pr;)b(y # fe(X)|x) — Prob(y =fc(X)IX))
= (I = fe()f DI fp ).

But x € X, implies that f.(x)f (x) < 0Oand 1 — f,(x)f (x) = 1+ |f(x)|. Soin
this case we have

/Y¢h(yf(x)) dp(ylx) — 2Prob(y # fe@)1x) = (1 + [fW)DIfo ()| = | fo ().

Combining Theorems 9.20 and 9.21, we can derive bounds for the
misclassification error for the support vector machine soft margin classifier
for strictly separable measures satisfying R(f.) =E(f.) = 0.

Corollary 9.22 Assume p is strictly separable by Hg with margin A.
(i) Iflog N'(B1,n) < Co(1/n)? for some p,Cy > 0 and all n > 0, then, with

confidence 1 — §,

R(sgn(f m)) < + 172(1 4+ Ck/A)

{log(l/a) (14 ( 4 )p/<1+p> ( ! >1/<1+p>}
ax { ———=,C, x 1 .
m A m

(ii) Iflog N'(B1,1) < Co(log(1/n))? for some p,Co > 0 and all 0 < n < 1,
then, for m > max{4/A, 3}, with confidence 1 — §,

1 4
(Oim) {24+ 86(1 + Cx/A)(2Co + log(1/6))} . ™

R(sgn(f)) < p

It follows from Corollary 9.22 that for strictly separable measures, we may
take y = 0. In this case, the penalized term in (9.6) vanishes and the soft margin
classifier becomes a hard margin one.
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9.7 Weakly separable measures

We continue our discussion on separable measures. By abandoning the positive
margin A > 0 assumption, we consider weakly separable measures.

Definition 9.23 We say that p is weakly separable by Hy if there is some
function fsp € H satisfying || fspllx = 1 and y fsp(x) > 0 almost surely. It has
separation triple (6, A, Cy) € (0, 00] x (0, 00)2 if, for all r > 0,

pxix € X 1| fsp(¥)] < A} < Cot®. (9.16)

The largest € for which there are positive constants A, Cy such that (6, A, Cp)
is a separation triple is called the separation exponent of p (w.r.t. Hg and fsp).

Remark 9.24 Note that when 6§ = oo, condition (9.16) is the same as px {x €
X :|fsp(x)| < At} =0forall 0 <t < 1. Thatis, | fop(x)| > A almost surely. But
v fep(x) > 0 almost surely. So a weakly separable measure with § = oo is exactly
a strictly separable measure with margin A.

Lemma 9.25 Assume p is weakly separable by Hg with separation triple
@, A, Cy). Take

Co 1/(2+6) 0/(040
f = <—) ATV p (9.17)
14
Then 0/016)
2/2+6) (Y +
EM) +rInIE =260 (5)

Proof. Write f, =fsp/At, with >0 to be determined. Since yfsp(x) >0
almost surely, the same holds for yf, (x) >0. Hence, ¢n(yf,(x)) <1 and

on(yfy(x) >0 only if yf,(x) <1, that is, if |f, (x)|= ]fsp(x)/At‘ < 1.
Therefore,

£n(f,) = /Z on(yf, (¥) dp = /X on (L, (O dox

=f (1=, dox < px{x e X :|f, @]
Ify (<1
<1} < pxl{x € X : | fop(¥)| < A1} < Cot”.

)1/(2+0)

Buty| f, ||%< =y1/(AD>. Setting t = ()//C()A2 proves our statement.
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Theorem 9.26 If p is weakly separable by Hyx with a separation triple
0, A, Cop) then, for any 0 < § < 1, with confidence 1 — §, we have

2/@+0) ( ¥V \9/@+0)  3log(2/6)
(A2) + ’

Risgn(fh)) < 26*(m,8,y) +8C]

m

where £*(m, 8, y) is the smallest positive solution of the inequality

)
<log -

10g./\f<31,i 3

) 3me
4R

"~ 128(1 + CkR)

with R = 2Cé/(2+9)A—e/(2+9)y—1/<2+9) + /2105(2/6)'
In addition,

(i) Iflog N'(B1,n) < Co(1/n)P for some p, Cy > 0 and all n > 0, then, taking

y=mPwitho < B < we have, with confidence 1 — §,

246
max{0,14+2p}’

h -~ 1y 2 2
R(sgn(fzy)) = C (n—1) (log 5)

o [246-8 240-B—2p8 6 ~ ;
with r = min i 50 O (TGp) 240 } and C a constant independent of

m and $.

(ii) Iflog N'(B1,1) < Co(log(1/n))? for some p,Co > 0 and all 0 < n < 1,
then, for m > max{4/A,3)}, taking y = m~CTO/A+0 e have, with
confidence 1 — §,

4 - 1\9/1+0) 2\ 2
R(sgn(fzy)) < C ((;1) (logm)? <log 5) ) .

Proof. By Theorem 9.21, it is sufficient to bound £ (fz?;) as stated, since
y = sgn(fsp(x)) = fc(x) almost surely and therefore Eon (fe) =0and R(f.) =
0.

Choose f, by (9.17). Decompose £ (fzd,);) +vy ||fzq,>ﬁ |2 as

EMU) = EMU) + RS + IR — (8P + 1513
+E" () + v Iy k-

Since the middle term is at most zero by (9.6), we have

EMEI + VIR = {e (il — e ) +{el i + v 1)
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To bound the last term, consider the random variable § = ¢n(yf, (x)). Since
vfy (x) > 0almost surely, we have 0 < & < 1. Also, o2(&) <EE) =& (fy)-
Apply the one-side Bernstein inequality to £ and deduce, for each ¢ > 0,

Prob | £ Edn <el>1 me?
zefgm{ 2 (fy) — (fy)_S}_ —exp —m .

By solving the quadratic equation

m€2

T2EN () + e

we conclude that, with confidence 1 — 5,

2
%log % + \/G log %) +2mEM(f,) log %

m

P — EM()

IA

7lo
<t e,
Thus, there exists a subset Uy of Z™ with p(U;) > 1 — 5 3 Such that

7log 2
() <260 (F,) + 6515, "

Then, by Lemma 9.25, for all z € Uy,

EM A + VIR < &) + 715 Ik

0/2+0)  Tlog 2
<4C2/(2+0)( )/( %25

om (9.18)

A2

In particular, taking R = 2C$/(2+9) AT9/2H60)y, =1/CH0) 4 21%()/2/8), we have,
forallz € Uy,

e F={feHk:Iflk <R}, VzeU..

Now apply Lemma 9.19 to the set F with « = }‘. We have N'(F,§) =
N(B1, z7) and || fll¢x) < CkR for all f € F. By Lemma 9.19, we can find
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a subset Uy of Z™ with p(Up) > 1 — N (By, f—R) exp{—3me/(128(1 + CkR))}
such that, for all f € F,

EM) —EPP) _
VEN(f)+e

In particular, when z € Uy N U,, we have fzd’; € F and, hence,

EMUP) — EP ) < VEJEMUED) + e < LM (£ +e.
Take ¢ = £*(m, 8, y) to be the smallest positive solution of

3me 8
log NV (B, =) = —" __ _og 2.
08 ( ! 4R> 12801+ CxkR) — 82

Then p(U2) > 1 — 5 8 and, forz € U; N Ua, (9.18) implies

0/@+0)  Tlog %
) 4085

g¢h(f¢h) < 5¢h(f )+8 (m, s, y)+4c2/(2+9)(
6m

A2

It follows that

0/c+6)  Tlog 2
ML) < 267 m d,y) +8C) O (L) 4 S8

A2 3m

Since p(U; N Uy) > 1 — §, our first statement holds. The rest of the result,
statements (i) and (ii), follows from Theorem 9.20 after replacing A by Il_e
and § by % |

9.8 References and additional remarks

The support vector machine was introduced by Vapnik and his collaborators.
It appeared in [20] with polynomial kernels K (x,y) = (1 + x - y)¢ and in [35]
with general Mercer kernels. More details about the algorithm for solving
optimization problem (9.11) can be found in [37, 107, 134, 152].

Proposition 9.3 and some other properties of the Bayes rule can be found
in [44]. Proposition 9.7 (a representer theorem) can be found in [137]. The
material in Sections 9.3-9.5 is taken from [134].

Theorem 9.17 was proved in [138] and Theorem 9.21 in [154]. The idea of
comparing excess errors also appeared in [80].



186 9 Support vector machines for classification

The error analysis for support vector machines and strictly separable
distributions was already well understood in the early works on support vector
machines (see [134, 37]). The concept of weakly separable distribution was
introduced, and the error analysis for such a distribution was performed, in [31].

When the support vector machine soft margin classifier contains an offset
term b as in (9.11), the algorithm is more flexible and more general data
can be separated. But the error analysis is more complex than for scheme
(9.6), which has no offset. The bound for || ffﬁ |lx becomes larger than those
shown in Theorem 9.16 and (9.18). But the approach we have used for scheme
(9.6) can be applied as well and a similar error analysis can be performed.
For details, see [31].
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General regularized classifiers

In Chapter 9 we saw that solving classification problems amounts to
approximating the Bayes rule f,. (w.r.t. the misclassification error) and we
described a learning algorithm, the support vector machine, producing such
aproximations from a sample z, a Mercer kernel K, and a regularization
parameter y > (. The main result in Chapter 9 estimated the quality of
the approximations obtained under a separability hypothesis on p. The
classifier produced by the support vector machine is the regularized classifier
associated with z, K, y, and a particular loss function, the hinge loss ¢p.
Recall that for a loss function ¢, this regularized classifier is given by
sgn(f,},), with

o . RS
fuy 1= argmin agcﬁmﬂxmwm%{ : (10.1)

feHk

In this chapter we extend this development in two ways. First, we remove the
separability assumption. Second, we replace the hinge loss ¢y, by arbitrary loss
functions within a certain class. Note that it would not be of interest to consider
completely arbitrary loss functions, since many such functions would lead to
optimization problems (10.1) for which no efficient algorithm is known. The
following definition yields an intermediate class of loss functions.

Definition 10.1 We say that ¢ : R — R, is a classifying loss (function) if
it is convex and differentiable at 0 with ¢’(0) < 0, and if the smallest zero of

¢is 1.

Examples of classifying loss functions are the least squares loss ¢g(t), the
hinge loss ¢n, and, for 1 < g < oo, the g-norm (support vector machine) loss
defined by ¢, (¢) := (¢n(1))?.

187
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AN b2

Po N

Figure 10.1

Note that Proposition 9.11 implies that optimization problem (10.1) for a
classifying loss function is a convex programming problem. One special feature
shared by ¢ys, ¢, and ¢ = (¢n)? is that their associated convex programming
problems are quadratic programming problems. This allows for many efficient
algorithms to be applied when computing a solution of (10.1). Note that ¢g
differs from ¢, by the addition of a symmetric part on the right of 1.

Figure 10.1 shows the shape of some of these classifying loss functions
(together with that of ¢g).

Our goal, as in previous chapters, is to understand how close sgn( fz‘?},) is to
fe (w.r.t. the misclassification error). In other words, we want to estimate the
excess misclassification error R(sgn( fz'{’,,)) — R(f.). Note that in Chapter 9
we had R(f.) = 0 because of the separability assumption. This is no longer
the case. The main result in this chapter, Theorem 10.24, this goal achieves for
various kernels K and classifying loss functions.

The following two theorems, easily derived from Theorem 10.24, become
specific for € kernels and the hinge loss ¢y, and the least squares loss ¢,
respectively.

Theorem 10.2 Assume that X CR", K is € in X xX, and, for
some 3 > 0,

inf {IIf —fell o +7IflIz}=OWP). (10.2)
feHk PX
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Choose y = m~2/U+P) Then, for any 0 < ¢ < % and 0 < § < 1, with
confidence 1 — 6,

~ 2/1\
R(sen(£) = R(f) < Clog 5 (n_1>

2

holds, where 6 = min {m, 3~ 8} and C is a constant depending on € but

not on m or 6.

Condition (10.2) measures how quickly f, is approximated by functions from
‘Hg in the metric ,fplx . When Hg is dense in .Zplx (X), the quantity on the left-
hand side of (10.2) tends to zero as y — 0. What (10.2) requires is a certain
decay for this convergence. This can be stated as some interpolation space
condition for the function f,.

Theorem 10.3 Assume that K is €°° in X x X and that for some 8 > 0,

inf 1 —folig +7Iflk} = OGP,

Choose y = % Then, for any 0 < ¢ < % and 0 < § < 1, with confidence
1-34,

4 " 2 1/2 1 (1/2) min{B,1—¢}
R(Sgn( z,;lls)) - R(fc) =< C (10g g) <;)

holds, where C is a constant depending on & but not on m or$.

Again, the exponents B in Theorems 10.2 and 10.3 depend on the measure
p. We note, however, that in the latter this exponent occurs only in the bounds;
that is, the regularization parameter y can be chosen without knowing § and,
actually, without any knowledge about p.

10.1 Bounding the misclassification error in terms
of the generalization error

The classification algorithm induced by (10.1) is a regularization scheme. Thus,
we expect that our knowledge from Chapter 8 can be used in its analysis. Note,
however, that the minimized errors — the generalization error in Chapter 8 and
the error with respect to the loss ¢ here — are different and, naturally enough,
so are their minimizers.



190 10 General regularized classifiers

Definition 10.4 Denote by fpd) :X — R any measurable function minimizing
the generalization error with respect to ¢ for example, for almost all
xeX,

¢ () = argmin fy $ (1) dp(y | x) = argmin ¢ ()11, + $(—1)(1 — ).

teR teR

Our goal in this chapter is to show that under some mild conditions, for any
classifying loss ¢ satisfying ¢”(0) > 0, we have Ed’(fz‘?y) —&%(f) - O with
high confidence as m — oo and y = y (m) — 0. We saw in Chapter 9 that this
is the case for ¢ = ¢, and weakly separable measures. We begin in this section
by extending Theorem 9.21.

Theorem 10.5 Let ¢ be a classifying loss such that ¢ (0) exists and is positive.
Then there is a constant cy > 0 such that for all measurable functions

f:X—>R
R(gn(f)) — R(f) < co/EY(f) — E9(fD).

If R(f.) = 0, then the bound can be improved to
R(sgn(f)) — R(f) < ¢ {E2(f) = E2(fD)}.

To prove Theorem 10.5, we want to understand the behavior of fg’ . To this
end, we introduce an auxiliary function. In what follows, fix a classifying
loss ¢.

Definition 10.6 Define the localizing function ® = @, : (RU {£oo}) —> Ry
to be the function associated with ¢, p, and x given by

Q1) = nx¢p(0) + (1 = n)p(=0). (10.3)

The following property of classifying loss functions follows immediately
from their convexity. Denote by ¢ (respectively, ¢’ ) the left derivative
(respectively, right derivative) of ¢.

Figure 10.2 shows the localizing functions corresponding to ¢g, ¢1, and ¢;
for n(x) = 0.75.

Lemma 10.7 A classifying loss ¢ is strictly decreasing on (—00,1]
and nondecreasing on (1,+00). It satisfies d)ﬁr(t) <0 fort € (—o0o,1) and
¢ (t) > 0fort € (1,+00). u
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[¢2]

(1]~
[o]
Figure 10.2

Note that if ¢ is a classifying loss, then, for all x € X, @, is convex and
EP(f) = [y Px(f () dpx . Denote

[y () :=sup{t e R| L (1) = nxp” (1) — (1 — )¢ (=1) < 0}
and

fr@) =inf{r e R| &, (1) = @y (1) — (1 = )l (1) > O}.
The convexity of ® implies that f, (x) < f," (x).
Theorem 10.8 Let ¢ be a classifying loss function and x € X.

(1) The convex function @y is strictly decreasing on (—oo,f, (x)], strictly
increasing on [fp+ (x), +00), and constant on [fp_ x), fp+ )]

(>i1) fp¢(x) is a minimizer of ®, and can be taken to be any value in
Iy (0.1 1.
0<f @) <fl@ if fo@ >0

(iii) The following holds: fp¢ x) < fp+ x) <0 if frorx) <0

[y @) =0<fr@) i fo(x) =0.
(iv) f, @) < landff(x) > —1.
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Proof.

(i) Since ® = d, is convex, its one-side derivatives are both well defined and
nondecreasing, and ®’_(r) < <I>/+(t) for every t € R. Then & is strictly
decreasing on the interval (—oo, fo (x)], since ®'_(t) < 0 on this interval.
In the same way, d>/+(t) > 0 fort > fp“' (x), so @ is strictly increasing on
[/ @).00).

Fort € [f, (x), f,7(x)], we have 0 < @' (1) < @/, (1) < 0. Hence ® is
constant on [fp’ x), prr (x)] and its value on this interval is its minimum.
(i) Letx € X. If we denote

EXf | x) = /y¢(yf(X))dp(y | X) = nxd(f (X)) + (1 — N (=f (x)),
(10.4)

then E2(f | x) = ®(f(x)). It follows that fp¢ (x), which minimizes
EP(- | x), is also a minimizer of ®.
(iii) Observe that

fo) =m— =) =2(n—1). (10.5)

Since ¢ is differentiable at 0, so is ®, and D' (0)=(2n, —1)
¢'(0) =f,(x)¢’(0). We now reason by cases and use that ¢’(0) < 0. When
fo(x) >0, we have &’ (0) = &’(0) <0 and [, () =0. When f,,(x) <0,
@’ (0)='(0) > 0 and fp+(x) < 0 hold. Finally, when f,(x) = 0, we
have @’ (0) = @/, (0) = 0, which implies [, &) <0and fp+ (x) > 0.
(iv) Whent > 1, Lemma 10.7 tells us that ¢’ (r) > 0 and ¢/, (—1) < 0. Hence
d (1) =0 andfp_ (x) < 1. In the same way, fp+ (x) = —1 follows from
¢’ (1) <O0and ¢’ (—1) > Ofort < —1. -
Assumption 10.9 It follows from Theorem 10.8 that fp¢ can be chosen to
satisfy

Iff@I <1 and fP(x) =0 if f,(x) =0. (10.6)

In the remainder of this chapter we assume, without loss of generality, that fp¢
satisfies (10.6).

Lemma 10.10 Let ¢ be a classifying loss such that ¢" (0) exists and is positive.
Then there is a constant C = Cy > 0 such that for all x € X,

2
®0) = d(ff @) = C (- 1)
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Proof. By the definition of ¢ (0), there exists some % > ¢o > 0 such that for
all t € [—co, o],

9'(t) — ¢'(0) ¢"(0)
— .

—¢ ) =—

This implies that

¢'(0) +¢" (0)t —

t] < ¢'(1) < ¢'(0) + 4" (0)¢
¢"( )

¢"(0)
2

[t], V¥t e [—co,col (10.7)

Let x € X. Consider the case 1, > % first.

Denote A = min{ ¢//(g;)(7)x — %),co}. For0 <t < ¢y,

4 0
@(0) = et @) — (1 = g (1) = e~ D' 0) +9"O)r + 20

Thus, for0 <t < A < %(m — %), we have

/ / 3 " _¢/(0) 1
@(1) < (2ny — D¢'(0) + §¢ (0) { <7)x - —)}

¢"(0) 2
40,
2 2

Therefore @ is strictly decreasing on the interval [0, A]. But fp‘p(x) is its
minimal point, so

¢'(0) 1
®(0) — B(fJ X)) = D) — === m-3)A
When ;,,(g)) (nx - %) < c¢g, we have A = ;‘f—(g;) (ﬁx — —) When

% (nx — 5) > cp, wehave A = co > 2¢co (nx — %). In both cases, we have

—¢'(0 1N . [=¢'(0
®0) — d(fP () > ¢2( ) (nx—i) min{%,%o}.

That is, the desired inequality holds with

R
C = min {—qb’(O)co, %} .
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The proof for n, < % is similar: one estimates the upper bound of ®(z) for
t <0. ]

Proof of Theorem 10.5 Denote X, = {x € X | sgn(f)(x) # fe(x)}. Recall
(9.14). Applying the Cauchy—Schwarz inequality and the fact that py is a
probability measure on X, we get

5 12 12
R(sgn(f))—R(fc)s{/X |0 de} {/X 1de}

, 12
5{/ 15,00 dpx} -
X

We then use Lemma 10.10 and (10.5) to find that

1/2
Rsgn(f) - R(f) <2 {é | te@ - o) dpx} .

Letx € X.. If f,(x) > O, then f.(x) = 1 and f(x) < 0. By Theorem 10.8,
fp_(x) > 0 and  is strictly decreasing on (—o0,0]. So ®(f(x)) > ®(0) in
this case. In the same way, if f,(x) < 0, then f(x) > 0. By Theorem 10.8,

p+(x) < 0 and @ is strictly increasing on [0, +00). So @(f(x)) > P(0).
Finally, if £, (x) = 0, by (10.6), £ (x) = 0 and then ®(0) — ®(f (x)) = 0.
In all three cases we have ® (0) — ® (£ (x)) < ®(f (x)) — D (£ (x)). Hence,

/Xr (®(0) - d(f2 ()} doy < / (@) — D2 ()} dox

Xe

< /X {@(f () — (L)} dpx = E2(f) = E2(fD).

This proves the first desired bound with ¢, = 2/+/C.

IfR(f.) =0, then y =f.(x) almost surely and n, = 1 or 0 almost everywhere.
This means that |[f,(x)|=1 and |f,(X)|=]f, (x)|*> almost everywhere.
Using this with respect to relation (9.14), we see that R(sgn(f)) —
R(fe)= f X, | fo(x) |2 d px . Then the above procedure yields the second bound

with ¢ = 2. |

10.2 Projection and error decomposition

Since regularized classifiers are obtained by composing the sgn function with
a real-valued function f: X — R, we may improve the error estimates by
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replacing image values of f by their projection onto [—1, 1]. This section
develops this idea.

Definition 10.11 The projection operator mw on the space of measurable
functions f : X — R is defined by

1 if f(x)>1
r(fHx) =41 -1 if f(x) <—-1
f if —1=<f(x) =<1

Trivially, sgn(zw (f)) = sgn(f). Lemma 10.7 tells us that ¢ (y(w (f))(x)) <
@ (yf (x)). Then

EP(n(f) <E%(f) and & (f)) < EL(S). (10.8)

Together with Theorem 10.5, this implies that if ¢” (0) > 0,

RGen(f) — R(L) < cpy €2 Gr(12) — £2(£D).

Thus the analysis for the excess misclassification error of fz?y is reduced into

that for the excess generalization error £ (7 ( fz‘?],)) — &% f[? ). We carry out
the latter analysis in the next two sections.
The following result is similar to Theorem 8.3.

Theorem 10.12 Let ¢ be a classifying loss, fz?y be defined by (10.1), and
fy € Hk. Then 5‘/’(71(fzq3,)) — 5‘7’(fp¢) is bounded by

EP () = E2(f) + v I 1% < {5¢<fy> — D + vy ||§}
{8 —gup] -1t - erunl (10.9)
+{[ef @ty -t un] - [ aabn - gup]l}-

Proof. The proof follows from (10.8) using the procedure in the proof of
Theorem 8.3. u

The function f,, € Hg in Theorem 10.12 is called a regularizing function.
It is arbitrarily chosen and depends on y. One standard choice is the function

79 = argmin {£9(5) + 11 713} (10.10)
feHk
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The first term on the right-hand side of (10.9) is estimated in the next section.
It is the regularized error (w.r.t. ¢) of f,,,

D(y.¢) :==E(fy) = E°(LD) + v I £ Ik (10.11)

The second and third terms on the right-hand side of (10.9) decompose
the sample error £ (( fzqu)) — &% fy). The second term is about a single
random variable involving only one function f,, and is easy to handle; we bound
it in Section 10.4. The third term is more complex. In the form presented,
the function ( fz'{),,) is projected from fzqu. This projection maintains the
misclassification error: R(sgn(r( fzﬁ,))) = R(sgn( fz‘?},)). However, it causes
the random variable ¢ (yr( fz?y)(x)) to be bounded by ¢(—1), a bound that
is often smaller than that for ¢>(yfzqu (x)). This allows for improved bounds
for the sample error for classification algorithms. We bound this third term in
Section 10.5.

10.3 Bounds for the regularized error D(y, ¢) of f,

In this section we estimate the regularized error D(y, ¢) of f,,. This estimate
follows from estimates for £ () —E%( fp¢ ). Define the function W : R, — R,
by
W (1) = max{|p_ (1), |9} (DI, [~ (=1)], |p]. (=)}

Theorem 10.13 Let ¢ be a classifying loss. For any measurable function f,

EP(f) —E2(fD) < /X U(f D [f &) —fF@)] dox.
If, in addition, ¢ € %Z(R), then we have

E9(f) — EP(f%) <} /X {167 v
/" ¢ 2
"z ror reon} |0 =17 0] dpx.

Proof. It follows from (10.3) and (10.4) that

ENf) —E2(f) = /X D(f () — (£ (x)) dpy
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By Theorem 10.8, & is constant on [f, ), fp+ (x)]. So we need only bound for
those points x for which the value f (x) is outside this interval.
If f (x) > f," (x), then, by Theorem 10.8 and since f," (x) > —1, @ is strictly
increasing on [f;r (x),f (x)]. Moreover, the convexity of ® implies that
D(f () — @£ () < PL(f ) () —fL )
< max {¢/_(f (1)), [, (=F I} [ f(x) = fL ()]
<UD [f@) —fL )]

Similarly, if f (x) < f, » (1), then, by Theorem 10.8 again and since f, , () =1,
® is strictly decreasing on [f (x), fp’ (x)], and

(f (1) — (L) < @ (f ) (F@) —f2(0) < C(Af@D | F@) —£2(0)] .

Thus, we have

(1) — DL W) < W(f WD [ f@) —fL W)

This gives the first bound.
Ifg e €2(R), so is ®. Then <I>’(fp¢ x) =0 sincef,? (x) is a minimum of ®.
When f (x) > £, (x), using Taylor’s expansion,

f (x)
(f(x) — D(f () = ' (fL(0) (F () — £ ) + / , () —=n@"()dr

fp ()

" 1 _r9 2
<Y goegyt ), p2 |F O =£7 O]
Now, sincefp¢ (x) € [—1, 1], use that

||<I>N||$oo[f/g>(x)ﬂx)] < max{[|¢” | goo—1,17 18" Il 21— FeoyL Feon}

to get the desired result.
The case f (x) < fp_ (x) is dealt with in the same way. |

Corollary 10.14 Let ¢ be a classifying loss with ||¢'||lcc < o00. For any
measurable function f,

E () = €D <10 lollf — 121 2, -
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If¢p € €*(R) and ||¢"|lsc < 00, then we have

E2(N) —E2(D) <19 ol f —f,?nfgpzx. =

10.4 Bounds for the sample error term involving f),

In this section, we bound the sample error term in (10.9) involving f,,
that is, [Ef(fy) - €f(fp¢)] — [5¢(fy) - 5¢(fp¢)]. This can be written as
% Yo, &(zi) — E(§) with & the random variable on (Z, p) given by &(z) =
oQfy (x)—¢ (yfp¢ (x)). To bound this quantity using the Bernstein inequalities,

we need to control the variance. We do so by means of the following constant
determined by ¢ and p.

Definition 10.15 The variancing power © = 14 ,, of the pair (¢, p) is defined
to be the maximal number 7 in [0, 1] such that for some constant C; > 0 and
any measurable function f : X — [—1, 1],

E {(¢>(yf(x)) - ¢>(yf,?(x)))2} <C (&N -E2(D)". (10.12)

Since (10.12) always holds with 7 = 0 and C; = (¢ (— 1))2 , the variancing
power 14 ,, is well defined.

Example 10.16 For ¢is(1) = (1 — )2 we have 74,0 = 1 for any probability
measure p.

Proof. For ¢s(r) = (I — 1)? we know that ¢s(yf (x)) = (y —f (x))?
and fp¢ = fp. Hence (10.12) is valid with 7 = 1 and C; =sup, ez

2
(=) +y—fr(0) <16. ]
In general, T depends on the convexity of ¢ and on how much noise p
contains.
In particular, for the g-norm loss ¢y, Tgpp = 1 when1l < g < 2 and

0 <7g,p <1wheng > 2.

Lemma 10.17 Let q,q* > 1 be such that é + ql* = 1. Then

1 | -
a~b§—aq+—*bq, Va,b > 0.
q q
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Proof. Letb > 0.Defineafunction f :Ry — Rbyf(a) = a-b—éaq—qi*bq*.
This satisfies

fllay=b—a?",  f"(@)=—(q—1a??<0, Va=>D0.

Hence f is a concave function on R and takes its maximum value at the unique
point a* = b/~ where f'(a*) = 0. But ¢* = q%l and

f@) =a*-b— l(a*)q — ibq* — p4/e=1 _ lbq/(qfl) — ibq/(qfl) —0.
q q* q q*

Therefore, f (a) < f(a*) = 0for all a € R... This is true for any » > 0. So the
inequality holds. |

Proposition 10.18 Let © = 1y, and B, := max{¢ (|| fylloo)> ® (=1l fy o)}
Forany 0 < § < 1, with confidence 1 — 4, the quantity [Ef (fy) — Sf (f,?)] —

(€9, = €] is bounded by

_ 1/2-1)
SBy + 201 (%) + (M) + () — EX(f2).

3m m

Proof. Write the random variable & (z) = ¢ (yf, (x)) — d)(yqu5 (x))on (Z, p) as
& =& + &, where

§1:=00fy () = (f) ), & :=¢o0r(f))X) — ¢(yfp¢’(X))-
(10.13)

The first part & is a random variable satisfying 0 < &; < B,,. Applying the
one-side Bernstein inequality to &1, we obtain, for any ¢ > 0,

In€2

2 (02(51) n %Bye)

Prob %;sl(z» —E@¢) > e] <exp{-—

YASYAL
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Solving the quadratic equation for ¢ given by

me? 2

2 (o260 + LBye) s

we see that for any 0 < § < 1, there exists a subset U; of Z™ with measure at
least 1 — % such that for every z € Uy,

1 m
— E &1(z) —E¢D)
m

i=1

1B, log(2/8) + \/ (%By 10g(2/8)>2 + 2mo2(51) log(2/5)

m

=

But 62(£) < E(£2) < B,E(&)). Therefore,

5By, log(2/6)

+E(&)), VzelU.
3m

1 m
— Y &) —EE) <
mn i=1

Next we consider &,. This is a random variable bounded by ¢ (—1). Applying
the one-side Bernstein inequality as above, we obtain another subset U, of Z™
with measure at least 1 — % such that for every z € Us,

RS 26(—1)log(2/s 210g(2/8)02
—Zéz(Zi)—E(ég) < ¢ (1) log(2/5) X 0g(2/%)o (52).
mn i=1 3m m

The definition of the variancing power T gives o2(&) < E(Szz) < Ci{E(&)}".
Applying Lemma 10.17 to ¢ = %,q* = %, a = /2log(2/8)Cy/m, and
b = {E(&)}T, we obtain

210g(2/8)02 () o\ (210g2/8)C;\ /e ¢
[Pt (g (s

Hence, for all z € Uy,

2¢(—1)1log(2/8 210g(2/8)Cy \ /D)
o ( ;n;)g( /)+< og(m/) 1) L E®).

1 m
= 5 —E@) <
m

i=1
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Combining these inequalities for £ and &; with the fact that E(§;) +E(&) =
E©) = £2(f,) — E2(f), we conclude that for all z € Uy N Us,

EARE 1T B CRUATET/0)

_ 3By log(2/8) +2¢(=1) log(2/5) N <210g(2/5)cl><1/z_r)

3m m

+E2(f) = EP (D).

Since the measure of U; N U, is at least 1 — §, this bound holds with the
confidence claimed. |

10.5 Bounds for the sample error term involving fz?,,

The other term of the sample error in (10.9), [E‘p(n(fz?y)) - 5¢(_fp¢)] -

[Sf (m( fzdfy)) - Ef ( fpd))], involves the function fz‘ﬁ, and thus runs over a set
of functions. To bound it, we use — as we have already done in similar cases —
a probability inequality for a function set in terms of the covering numbers of
the set.

The following probability inequality can be proved using the one-side
Bernstein inequality as in Lemma 3.18.
Lemma 10.19 Let & be a random variable on Z with mean p and variance o>.
Assume that i > 0, |€ — | < B almost everywhere, and 6> < cu’® for some
0<7t<2andc,B>0.Then, for every ¢ > 0,

_ 1 m . . 2—1
prop | P m Zim 6@ gl ) metT
zeZ" JIUE F et 2(c + 3Be!=7)

holds. ||

Also, the following inequality for a function set can be proved in the same way
as Lemma 3.19.

Lemma 10.20 Let 0 <t < 1, ¢,B > 0, and G be a set of functions on Z such
that for every g € G, E(g) 2 0, llg — E(g)l .z < B, and E(g?) < c(E(g)".
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Then, for all ¢ > 0,

E(e) — Ly .
Prob sup (g) mZz_lg(Zl) - 481_1—/2
2" | geg  JE@) +eT

2—1
fN(Q,s)eXp{—#}‘ .

We can now derive the sample error bounds along the same lines we followed
in the previous chapter for the regression problem.

Lemma 10.21 Let v = 14 5. For any R > 0 and any ¢ > 0.

ot | ap (T EUD) (e - EaD)
2eZ" | repy \/(é‘q’(n(f)) - 5¢(fp¢))t e
21—N<31,+)6Xp{_ s )
R/ ()] 201+ 5 (- Delr
holds.

Proof. Apply Lemma 10.20 to the function set
= {p0mNH) —pOf ) ¢ f €Bg}. (10.14)

Each function g € fg satisfies E(g2) < c¢(E(g))? for ¢ = C; and

lg — E(g)||gpoo < B := 2¢(—1). Therefore, to draw our conclusion from

Lemma 10.20, we need only bound the covering number A (.7-';%5 ,&). To do so,
we note that for f1,f> € Br and (x,y) € Z, we have

oM @) — ¢ 0fS )} — {d ) @) — G N}
= ¢ @) — O AR )] < ¢ (DI fi — flloo-

Therefore

(51) ¥ ()

proving the statement. u
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Define £*(m, R, §) to be the smallest positive number ¢ satisfying

m82—r

&
R|¢>’(—1)l> 20+ dp(—el T

logN(Bl, < logs. (10.15)

Then the confidence for the error ¢ = ¢*(m, R, §) in Lemma 10.21 is at least
1-34.
For R > 0, denote

WK ={ze 2"+ £ Ik <R}.

Proposition 10.22 For all 0 < § < 1 and R > O, there is a subset Vg of
Z™ with measure at most § such that for all z € W(R) \ Vg, the quantity
EPGr(fih) — E2(f)) + 11 £y Ik is bounded by

AD(y, ¢) +24e*(m, R, 5/2) + w
m

20 log (4/8)\ /G~
+2< 1og(/)> ‘

m

log (4/6)

Proof. Lemma 10.17 implies that for0 < t < 1,

\/ (E2Gr(r = E2U) + e 46! < (P — E2SD))
+ (1 —1/2)4/0=12¢ 4 4
1
=5 (E2@ () - E2(fD) + 122

Putting this into Lemma 10.21 with ¢ = ¢*(m, R, §/2), we deduce that for
z € W(R), with confidence 1 — $,

[0ty - 2] = [ b - e ]
= 3 (@) — (D) +126% R, 5/2),

Proposition 10.18 with § replaced by % guarantees that with confidence 1 — %,
the quantity [55)(]“),) - Ef(fp¢)] — [€¢ (fy) — £e (ff)] is bounded by

5B, 4 2¢(—1)

log (4/8) +
3m

2C) log (4/8)\/?~D
(#) +E(fy) — EX(fD).
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Combining these two bounds with (10.9), we see that for z € W(R), with
confidence 1 — §,

1
EG (S = E D + VI IR < Drag) + 5 (2 — 25D

2C; log (4/8)\/*
m

+ 12¢*(m,R,8/2) +

5B, +2¢(—1)

+E2(fy) = EP (D).
This gives the desired bound. |

Lemma 10.23 Forally > 0andz € Z'™,

162 1k < Vo ©0)/y.

Proof. Since f,, minimizes & (f) +y | 1|3 in Hg, choosing f = 0 implies
that

1 m
VI I < ELCEL) + v 1B IR < E10) +0= — " 6(0) = $(0).
i=1

Therefore, ||fzqu lx < /#(0)/y forallz € Z™. |
By Lemma 10.23, W(/¢(0)/y) = Z™. Taking R := /¢(0)/y, we can

derive a weak error bound, as we did in Section 8.3. But we can do better.
Abound for the norm || fz‘{)y ||k improving that of Lemma 10.23 can be shown to
hold with high probability. To show this is the target of the next section. Note that
we could now wrap the results in this and the two preceding sections into a single
statement bounding the excess misclassification error R(sgn( fz(f’y)) — R(fe).
We actually do that, in Corollary 10.25, once we have obtained a better bound
for the norm || fz‘f’y k-

10.6 Stronger error bounds

In this section we derive bounds for £ (7 ( fzﬁ,)) —&%( fp¢ ), improving those that
would follow from the preceding sections, at the cost of a few mild assumptions.

Theorem 10.24 Assume the following with positive constants p, CO,C(’,),A,
g>1l,and B < 1.

(i) K satisfies log N' (B1,1) < Co(1/n)P.
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(i) ¢(1) < Cylel? forallt ¢ (—1,1).
(iii) D(y,p) < AyP for eachy > 0.

Choose y = m™5% with { = m. Then, for all0 < n < % and all
0 < § < 1, with confidence 1 — 6,

~ 2
P (fy)) = E7(f)) < Cylog <m ™,

where

| — 57
9:=min{ p pr }, : P

Brql—P)/2 2—t+p YT 24y

- ;—1/Q2—1+p) 1-8 Toa, ) 1
r._max{ 20 ) +n, 3 §,§(2+4(1 ,3)> 2}

and Cy, is a constant depending on n and the constants in conditions (i)—(iii),
but not on m or 6.

The following corollary follows from Theorems 10.5 and 10.24.

Corollary 10.25 Under the hypothesis and with the notations of
Theorem 10.24, if ¢" (0) > 0, then, with confidence at least 1 — 8, we have

~ 2
Risgn( ) = R(fe) < cpy| Cylog sm ™" n

When the kernel is 4°° on X C R”, we know (cf. Theorem 5.1(i)) that p in
Theorem 10.24(i) can be arbitrarily small. We thus get the following result.

Corollary 10.26 Assume that K is €°° on X x X and ¢(t) < Céﬁlt|q for all
t ¢ (=1,1) and some g > 1. If D(y,¢) < AyP for all y > 0 and some
0 < B <1, choosey =m=¢ witht = m. Then for any 0 < n < %
and 0 < § < 1, with confidence 1 — 4,

E2(u(f)) — E2(f9) < Cylog gm—e,

where

. { B 1 }
6 := min s -n
B+q(l1—-8)/2"2—-7

and Cy, is a constant depending on n, but not on m or 8. |
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Theorem 10.2 follows from Corollary 10.26, Corollary 10.14, and
Theorem 9.21 by taking f, = fy defined in (10.10).

Theorem 10.3 is a consequence of Corollary 10.26 and Theorem 10.5. In this
case, in addition, we can take ¢ = 2, which implies { = 1.

The proof of Theorem 10.24 will follow from several lemmas. The idea is to
find a radius R such that W(R) is close to Z" with high probability.

First we establish a bound for the number £*(m, R, §).

Lemma 10.27 Assume K satisfies log N (B1,1) < Co(1/n)P for some p > 0.
ThenforR> 1and(0 < § < L the quantity *(m, R, §) defined by (10.15) can
be bounded by

1/2-1)
Sy < | (MEOD)

RP 1/(1+p) RP 1/2=t+p)
max (ﬂ ’(ﬂ ’

where Cy := (6¢(—1) + 8C1 + 1)(Co + D) (|¢'(—=D)| + 1).

Proof. Using the covering number assumption, we see from (10.15) that
e*(m,R,8) < A, where A is the unique positive number € satisfying

Rl¢' (—DI me>~"
Co( )— YV 1_r:log(S.
€ 2C) + 3¢(—1)e

We can rewrite this equation as

2Ty _ 4¢(—1) log(l/é)el_fﬂ, ~ 2Cilog(1/9) o
3m m
— M (R|¢/(_1)|)[’61_f . 2C1C0

e (Rl¢'(=D)1)" =

Applying Lemma 7.2 with d = 4 to this equation, we find that the solution A
satisfies

16¢(—1)log(1/6) <8C1 ]og(]/5)>1/(21)

3m

166 (—1)C 1/(1+p) CC 1/2—7+p)
(M (R|¢/(—1)I)p) < =0 (RIg (- 1)|)) }

m

Afmax:

3m

Therefore the desired bound for £*(m, R, §) follows. |
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The following lemma is a consequence of Lemma 10.27 and
Proposition 10.22.

Lemma 10.28 Under the assumptions of Theorem 10.24, choose y = m~% for

some ¢ > 0. Then, forany 0 < § < 1 and R > 1, there is a set Vg C Z™ with
measure at most & such that for m > (C%(A)_l/(f(l_ﬂ)),

W(R) € W(@nR® + by) U Vi,

~ ~ 12
where s = 2(++p),am =5/ ComC—VC=ttP)D/2 qnd b, = C3 (log %) m’.

Here the constants are

—-1/2 — 1— 1 1
r::max{{ /2= ﬂC,C<§+%(l—ﬂ)>—§}

2 )
and

C3 =5/C +2¢]/47 4 VoD +2VA+2 [c,ci?at,

Proof. By Proposition 10.22, there is a set Vg with measure at most § such
that for all z € W(R) \ Vg,

10B, + 4 (—1
VIEL 12 < 4AyP +246* n.R.8/2) + %’5()

2C) log (4/8)\/?~D
+2< 10g(/)) .
m

log (4/8)

Since ¢(r) < C;)|t|q for each + ¢ (—1,1), we see that B, =

max{$ (|l lloo)> ¢ (Il fy lloo)} is bounded by Cj; (max{|| fy lloo, 1})?. But the
assumption D(y, ¢) < Ay#? implies that

I fylloo < Ckllfy Ik < Cxv/D(y, @)y < CxvJAy B=D/2,

Hence,

By, < CjCLAY2y1F=D2  when Cxv/Ay#=D/2 > 1. (10.16)
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Under this restriction it follows from Lemma 10.27 that z € W(INQ) for any R
satisfying

~ 1 1ye—n 4 log(4/8)\ /@0
R> — {44y? + (24C, + 4C —o(—1 ) [ L=
= { yP + ( 2 +4C, + 3¢( )

10 log(4/8)\'?
2Com O R4 4 LD pofy b2 (%)} ,

Taking y = m~¢, we see that we can choose

12
R = 5¢/Com€—1/C—t+p)/2,0/Q04p) | (s (log ;_‘) o

This proves the lemma. |

Lemma 10.29 Under the assumptions of Theorem 10.24, take y = m™¢ for
some ¢ > 0andletm > (CiA)_l/(f(l_ﬁ)). Then, foranyn > 0and0 < § < 1,
the set W(R*) has measure at least 1 — J,,8, where R* = C4m’*,

e 1 } 1
J, :=logymax { =, ——— ¢ +log, — + 1,
(A {2 C—c+p]| 8y
and
_1/02 —
r*::max{r,g 2/((1_S§+p)+n}.

The constant Cy is given by

c4=(5 C2>2(¢(0)+1)+J,] (5 c2)2c3 (1og§>1/2.

Proof. Let J be a positive integer that will be determined later. Define a
sequence {R(/)}j!:0 by RO = /$©0)/y and RV = G, (RV™D)’ + by, for
1 <j < J.Then we have

soJ-1 ;
2 -1 s - 2 i1~ \$
RY) = (@, 1 Hs+s s (R(O)) + Z @) 15 oot (bm)
Jj=0

(10.17)
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The first term on the right-hand side of (10.17) equals

= e 1
(V) T o P,
which, since 0 < s < %, is bounded by
M (5 M)
(5\/C2) (@0) + 1)ym 20- .m\2 20=5)
When 2/ > max{5, =g, }- this upper bound is controlled by

(V@) 0 + 1ym K

The second term on the right-hand side of (10.17) equals

J—1 1—s/ .
y@ripy J
> (sv/@m ) T (5 oza/on )
Jj=0
which is bounded by
=1/2—1+p) _ {—1/Q2—1+p)
m K Z(S,/cz) C; (log(4/a))‘/2m( M)

j=0

Ifr> W, this last expression is bounded by

{=1/Q=t+4p)

2
C2)" €3 (og@/s)!/2m! ™ 305

¢=1/Q2=1+p)
m. 2% (

— 1 (5/C2) Cs togta/s) 2w

Ifr < % an upper bound is easier:

c=1/Q—t4p)

2
mo g (5\/02) Cs (log(4/8))/2.
Thus, in either case, the second term has the upper bound J (5./C2)2 C

(log(4/8)/> m"
Combining the bounds for the two terms, we have

R(J)S{(S C2)2(¢(0)+1)+J<5 C2)2C3(10g(4/5))1/2}mr
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Taking J to be J,, we have 27 s max{zin,m} and we finish the
proof. ]

The proof of Theorem 10.24 follows from Lemmas 10.27 and 10.29 and
Proposition 10.22. The constant C;, can be explicitly obtained.

10.7 Improving learning rates by imposing noise conditions

There is a difference in the learning rates given by Theorem 10.2 (where the
best rate is % — ¢) and Theorem 9.26 (where the rate can be arbitrarily close to
1). This motivates the idea of improving the learning rates stated in this chapter
by imposing some conditions on the measures. In this section we introduce one
possible such condition.

Definition 10.30 Let 0 < g < co. We say that p has Tsybakov noise exponent
q if there exists a constant ¢, > 0 such that for all 7 > 0,

X ({x eX : |fp)] = cqt}) <. (10.18)

All distributions have at least noise exponent 0 since /° = 1. Deterministic

distributions (which satisfy | f,(x)| = 1) have noise exponent ¢ = oo with
Coo = 1.

The Tsybakov noise condition improves the variancing power 14 ,. Let us
show this for the hinge loss.

Lemma 10.31 Let0 < g < oo. If p has Tsybakov noise exponent g with (10.18)
valid, then, for every functionf : X — [—1,1],

1 \4/(@+D
B{@0re) - aoren?] =8 (5o) (0 - ey

q

holds.

Proof. Since f(x) € [—1, 1], we have ¢,(3f (x)) — ¢ (f+(x)) = y(fo(x) —
f(x)). It follows that

£ () — EM(f) = /X (fo0) —F (0 dpy = /X o) — £ 1 ()] dpx
and

E{640F () — 00} = /X o) —f ) dpx.
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Let t > 0 and separate the domain X into two sets: X,+ =xeX  |f(x)] >
cgtband X, i= {x € X : |f,(¥)] < cqt}. On X;© we have |f.(x) — f (x)|* <
20 £(x) — f(x)|‘-g—;j‘)'. On X;~ we have | f.(x) — f(¥)|> < 4. It follows from
(10.18) that

2(E9(f) = EM(S)

/ Ife(x) —f(0)*dpx < +4dpx (X;7)
X cqt
bn I o)
_ 2(E9(f) — EM (1) s
th

Choosing 1 = {(E#(f) — E9(£))/ e}/ yields the desired bound.
]

Lemma 10.31 tells us that the variancing power 7y, , of the hinge loss equals

q% when the measure p has Tsybakov noise exponent g. Combining this
with Corollary 10.26 gives the following result on improved learning rates

for measures satisfying the Tsybakov noise condition.

Theorem 10.32 Under the assumption of Theorem 10.2, if p has Tsybakov
noise exponent g with 0 < g < oo, then, for any 0 < ¢ < % and 0 < § < 1,
with confidence 1 — §, we have

n -~ 2 (1Y
R(sgn(fzy)) — R(fe) < Clog s \m

where 6 = min [—, = — 8} and C is a constant independent of m and §.
|

In Theorem 10.32, the learning rate can be arbitrarily close to 1 when g is
sufficiently large.

10.8 References and additional remarks

General expositions of convex loss functions for classification can be found
in[14,31]. Theorem 10.5, the use of the projection operator, and some estimates
for the regularized error were provided in [31]. The error decomposition for
regularization schemes was introduced in [145].

The convergence of the support vector machine (SVM) 1-norm soft margin
classifier for general probability distributions (without separability conditions)
was established in [121] when Hy is dense in %' (X) (such a kernel K is called
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universal). Convergence rates in this situation were derived in [154]. For further
results and references on convergence rates, see the thesis [140].

The error analysis in this chapter is taken from [142], where more technical
and better error bounds are provided by means of the local Rademacher process,
empirical covering numbers, and the entropy integral [84, 132]. The Tsybakov
noise condition of Section 10.7 was introduced in [131].

The iteration technique used in the proof of Lemma 10.29 was givenin [122]
(see also [144]).

SVMs have many modifications for various purposes in different fields [ 134].
These include g-norm soft margin classifiers [31, 77], multiclass SVMs
[4,32,75, 139], v-SVMs [108], linear programming SVMs [26, 96, 98, 146],
maximum entropy discrimination [65], and one-class SVMs [107, 128].

We conclude with some brief comments on current trends.

Learning theory is a rapidly growing field. Many people are working on both
its foundations and its applications, from different points of view. This work
develops the theory but also leaves many open questions. Here we mention
some involving regularization schemes [48].

(i) Feature selection. One purpose is to understand structures of high-
dimensional data. Topics include manifold learning or semisupervised
learning [15, 23, 27, 34, 45, 97] and dimensionality reduction (see the
introduction [55] of a special issue and references therein). Another
purpose is to determine important features (variables) of functions defined
on huge-dimensional spaces. Two approaches are the filter method and
the wrapper method [69]. Regularization schemes for this purpose include
those in [56, 58] and a least squares—type algorithm in [93] that learns
gradients as vector-valued functions [89].

(i) Multikernel regularization schemes. Let Ky = {K; : 0 € X} be a set of
Mercer kernels on X such as Gaussian kernels with variances o> running
over (0, 00). The multikernel regularization scheme associated with K, is
defined as

f: = inf inf —1 E i f (i) ||f||21<
V.2 argini 1n V (i.f (xi) + .
“r oex feHk, | M i=1 g l g ’

Here V : R?> — R, isageneral loss function. In [30] SVMs with multiple
parameters are investigated. In [76, 104] mixture-density estimation is
considered and Gaussian kernels with variance o> varying on an interval
[02,07]1 with 0 < 01 < 0 < 400 are used to derive bounds. Multitask
learning algorithms involve kernels from a convex hull of several Mercer
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kernels and spaces with changing norms (e.g. [49, 62]). The learning of
kernel functions is studied in [72, 88, 90].

Another related class of multikernel regularization schemes consists that
of schemes generated by polynomial kernels {K;(x,y) = (1 + x - )4}
with d € N. In [158] convergence rates in the univariate case (n = 1) for
multikernel regularized classifiers generated by polynomial kernels are
derived.

Online learning algorithms. These algorithms improve the efficiency of
learning methods when the sample size m is very large. Their convergence
is investigated in [28, 51, 52, 68, 134], and their error with respect to
the step size has been analyzed for the least squares regression in [112]
and for regularized classification with a general classifying loss in [151].
Error analysis for online schemes with varying regularization parameters
is performed in [127] and [149].
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